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CHAPTER  I 
Introduction 

This  maiual  describes  a  sequence  of  exercises  in  applied 
rrlcroeccnornics  designed  to  sunpleirent  intenrBdiate  level  courses 
in  microeccnotntc  theory  or  manageri.al  eccncnlcs,     A  v/oridng  knowledge 
of  elementary  calculus  and  the  availability  of  a  standard  conputer 
program  for  multiple  regression  are  assumed.     The  tools  and  concepts 
needed  for  these  exercises  are  generally  discussed  herein,  thou^  the 
treatment  of  most  topics  is  not  intended  to  be  conplete.     Throughout,  the 
focus  is  en  understanding  rather  than  rigor. 

The  problems  presented  here  are,  of  course,  sinpler  than  most 
encointered  in  the  real  world.     V/hile  they  should  present  a  fair  challenge, 
they  are  not  Intended  to  coivey  all  of  the  dlffLculties  encountered  in 
actual  applied  work.     Rather,  the  focus  is  en  leamlnpr  to  use  powerful 
tools  and  concepts  in  sinple,  but  ncn-trLvial  situaticns.     These  sarne 
approaches  can  be  applied  to  more  conplex  problems,  though  not  as  easily 
as  they  can  be  used  here.     The  hope  is  that  wori<lng  en  fairl^/  simple 
problems  will  make  It  easier  for  the  student  when  he  is  faced  with  ceaipli- 
cated  situaticns  of  the  same  basic  type. 

The  first  three  exercises  involve  analyzing  historical  data 
for  a  particular  industry.     In  the  industry  to  be  anal^^zed,  a  large 
nuirber  of  fliTiB  operated  in  the  period  for  whidi  data  will  be  provided. 
There  was  no  technical  change  in  this  period,  and  no  ma,1or  shifts  in 
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ccnsumers'  tastes  occurred.     The  output  of  each  firm  In  the  Industry 
was  either  determined  directly  by  the  goverruiEnt  cbt  fixed  by 
ait)itrary  ncn-prlce  rationing  of  an  essential  input  factor.     As  we  vrtll 
see  in  the  next  chapter,  this  means  that  sinple  yet  powerful  statistical 
nsthods  can  be  used  to  analyze  the  data.     Chapter  II  will  describe 
and  discuss  these  methods. 

Chapter  III  outlines  the  first  two  exercises  and  describes 
the  history  of  the  industry  in  more  detail.     From  data  provided  in 
class,  you  will  be  required  to  estimate  the  demand  and  cost  relationships 
that  characterize  the  market  to  which  you  ha'^  been  assigned.     The 
instructor  will  provide  directions  en  the  use  of  the  particular 
regression  program  to  be  enplcyed.     Chapter  III  concludes  with  a  description 
of  the  two  short  reports  you  should  write  en  these  exercises. 

Chapter  IV  outlines  the  theory  of  price  determination  in 
conpetitive  and  monopolistic  maiicets  and  discusses  the  sinple 
mathematics  it  is  based  on.  You  are  to  apply  this  theorv  to  your 
industry.     For  given  values  of  certain  variables,  -  you  will  forecast 
the  price  and  output  of  the  industry  you  are  dealing  with  under 
conditions  of  pure  ccnpetitim  and  of  perfect  monopoly. 

The  next  chapter  examines  price  determination  in  oligopolistic 
maricets,  maT4<:ets  with  few  firms,     I^der  these  circumstances, 
flriTB'  expectations  about  their  conpetitors'  behavior  becoriE  an 
irrportant  detenrdnant  of  industry  perf orinance ,     This  corolicates  the 
firms'   decisions  to  the  point  where  no  truly  general  theories  of 
oligopolistic  pricing  have  been  developed. 
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To  give  students  a  deeper  uiderstandlng  of  the  problem  of 
pricing  in  ccncent rated  maricets  than  can  be  provided  by  passively 
reading  about  it ,  the  last  exercise  involves  making  pricing  decisicns 
inder  conditlcns  of  oligopoly.     Chapter  VII  describes  a  simulation 
exercise  in  which  each  student  will  be  en  the  board  of  directors  of 
a  firm  with  few  ccjrpetitors.  Prx)flts  of  each  firm  will  depend  en  the 
prices  of  all  finiB  in  the  same  maricet,  and  individual's  grades  will 
depend  to  some  extent  en  the  profits  of  their  firms.     At  the  end  of  the 
exercise,  the  behavior  and  performance  of  the  firms  and  industries 
simulated  are  to  be  analyzed  in  terms  of  their  structure  and  the 
theoretical  notlcns  outlined  in  Chapter  VI. 

All  four  of  these  exercises  are  related.     The  statistical  estima^ 
tlons  should  provide  you  with  some  idea  of  the  cost  .f\anctlcn  of  a 
typical  cne-plant  flim  and  of  the  demand  curve  faced  by  that  firm  when 
all  producers  charge  the  same  price.     In  the  forecasting  problem,  you 
will  be  given  the  nunfcer  of  finns  operating  In  the  Industry  during 
the  period  for  which  data  were  provided.     This  will  enable  you  to 
ccnstruct  an  estimate  of  the  industry's  demand  function  and  to 
forecast  short-nn  and  Icng-nn  corrpetltive  and  mcncpoly    price.     A 
good  estimate  of  the  short-run  mcnpoly  price  will  be  extremely  useful 
in  the  decision-making  exercise,  since  if  all  firms  in  an  Industry  charge 
this  price  they  will  maximize  total  Industry  profits.     In  this  exercise 
the  demand  function  you  originally  estimated  v;ill  be  the  curve  facing 
all  firms  if  they  all  charge  the  same  price.     When  prices  differ  within 
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an  industry,  however,  you  vdll  have  to  learn  by  experience  the 
inpact  of  price  diffterentlals  en  firms*  demands. 

Finally,  none  of  the  four  exercises  vdll  neces3ari2,y  be  the 
same  from  class  to  class.     The  instructor  can  provide  data  correspcnding 
to  a  large  nunber  of  different  cost  and  demaid  functions,  and 
the  market  structures  encountered  in  the  decisicn-making  exercise 
can  vary  considerably  from  industry  to  industry. 


CHAPTER  II 
EccnometrLc  "'fethods 

What  Is  EccnorTEtrlcs? 

Eccncmics  atteirpts  to  be  a  sclencs,  and  therefore  eccnonlsts 
are  interested  in  explaining  and  predicting  certain  nhencsTBna.     Eccnomic 
theory  enables  us  to  make  some  predlcticns,  but  these  normally  relate 
only  to  directions  of  change.     We  expect ^  for  instance,  that  if  a  mcnpollst 
lowers  his  price  his  sales  will  increase.     Sometimes  even  this  vague  sort 
of  predicticn  is  denied  as.  No  pure  theory  exists  which  will  tell  us 
v^ether  GNP  will  rise  or  fall  next  year, 

Eccnorlc  theory  does  Dcint  to  the  existence  of  certain  fftirly  stable 
relationships  involving  quantities  of  interest.     These  are  often  capable 
of  being  expressed  in  equation  form.     To  make  predictims  and  decisicns, 
we  need  to  know  what  these  equations  lock  like;  vie  need  nurrbers.     This  need 
gave  rise  to  eccnometrics,  which  is  often  defined  as  the  measurement  of 
relationships  suggested  by  eccnOTic  theorry.     Eccncmetrics  also 
ccntains  a  set  of  techniques  that  enable  us  to  test  ^repositions 
suggested  by  eccncmic  theory,  as  we  will  see  below, 

Eccnomic  theory  enphasizes  the  interdependence  of  eccnomic 
systems.     Any  cne  quantity,  such  as  the  price  of  ice  cream,  is 
Influenced  by  a  virtuall;;;  infinite  nurter  of  other  quantities.  If  we  wish 
to  construct  a  demand  curve  for  ice  cream  that  is  actually  useable, 
thou^,  we  can't  consider  all  possible  variables.     We  must  make  a  Judgement 
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about  vrtilch  are  inportant.     We  rrl^t,  for  Instance,  decide  that  the 
main  variables  influencing  the  demand  for  ice  cream  are  the  weather, 
the  price  of  ice  cream,  the  general  le'^el  of  other  prices,  ccnsumers' 
incones,  the  age  dlstributicn  of  the  population,  and  advertising  of 
ice  cream.     We  then  groip  all  other  influences  into  an  error  or  dis- 
turbance term.     Since  there  are  so  maiy  forces  that  have  been  left  out, 
and  since  each  cne  is  so  small,  we  treat  the  error  term  as  a  randcm 
variable,  a  chance-determined  quantity  whose  values  cannot  be  predicted. 
Pran  the  way  we  have  defined  it,  the  error  term  cannot  be  observed. 

Formally,  then,  we  begain  with  equations  of  the  following  form: 

(2,1)  Y  =  f(X,,...,X^,e) 

The  dependent  variable,    is  Y,  and  the  quantities  X  ,...,X    are  the 
principal  independent  variables  influencing  Y.  Other  forces  are  sunmarlzed 
in  the  error  term,  e.     Ihis  eouatlon  is  assumed  to  hold  for  all  obser- 
vations en  Y  and  the  X's.     (An  observatlcn  may  be  the  values  taken  an 
by  the  variables  in  a  particular  year  or  other  tlnK-period,  or  the  data  may 
be  conposed  of  observaticns  en  Individual  states  or  households  or 
other  units  in  a  single  time-period.     These  two  tyoes    oT  observations 
are  termed  time-series  and  cross-section,  respectively).     Given 
observations  on  the  X's  and  Y,  the  task  of  eccncnBtrlcs  is  to  describe 
the  fuictlon  f(«)   as  well  as  possible. 
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Eccnomlc  theory  may  tell  us  sonething  about  the  finction  f(»). 
Often  the  sigis  of  the  partial  derivatives  are  predicted  by  the  theory; 
we  expect  the  quantity  of  Icecream  demanded  to  decline  as  the  price  of 
ice  cream  rises.     ScrrEtimes  other  information  is  available  as  well, 
Ccnsumsr  demand  theory,  for  instance,  says  that  if  all  prrlces  and 
income  double,  a  consumer's  purchases  should  remain  inchangsd.     All 
infomation  the  theory  pro^W-des  should  be  incorporated  into  eccnometrlc 
analysis.     Rarely  does  this  information  coipletely  determine  the 
form  of  the  function  f ( • ) . 

For  reasons  of  siirrlicity,  whenever  it  is  sensible,  we  work 
with  functions  that  are  linear  in  a  finite  set  of  unknown  parameters. 
That  is  we  deal  with  special  cases  of  (2.1)   of  the  form 

(2.2)  fr(Y)   =  b]^h^(X^)  +  ...  +  b^  ^^^\)  +  ^• 

The  b's  are  the  unknown  narameters  that  it  is  desired  to  estimate.     The 
functions  g(«)   and  h  (•)  -  h^(*)   are  specified  by  the  eccnometrician. 
Special  cases  of  (2.2)  are,  for  instance,  the  follot'jing  ' 


Y  =  b  X^  +  b^X    +  e 


log  (Y)  =  b  log  (X^)  +  b  log  (Xg)  +  e 
Y  =  b^  +  b2  X^  +  b^iXj)^  +  e 
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In  the  third  of  these  exairples,  b     Is  multiplied  by  a  variable 
vrirlch  is  always  equal  to  cne.     Thus  the  model  has  an  intercetit  or 
ccnstsnt  term  .     Only  rarely  does  eccnomlc  theory  greatly  restrict  the 
choioe  of  flinctions  in  (2.2).     \'Jhen  some  informaticn  can  be  distilled 
It  should  be  used.  In  p^sneral,  thou^,  g(»)   and  the  h(»)'s  should  be 
chosen  so  as  to  be  moderately  slnple  and  easy  to  wortc  with  and  so  as  to 
explain  the  dfefea  as  well  as  possible.     The  infonnaticn  in  the  data 
can  be  used  to  select  functional  fonns, 

Ihe  most  ccmncn  technique  encloyed  to  estimate  the  b's  in  an 
equation  of  the  form  of  (2,2)  is  called  ordinary  least  squares  regression 
or  multiple  linear  regressicn.     The  main  pumose  of  this  chanter  is  to 
provide  the  reader  with  an  elementary,  intuitive  understanding  of  the  use 
of  this  tool.     First,  however,  we  must  consider  a  sltuaticn  in  v/hich 
the  use  of  least  squares  is  not  apFTroorlate.     This  is  when  our  model 
of  an  eccnomlc  phencmencn  involves  variables  which  are  mutually 
determined,  thou^  a  system  of  simultaneous  equations.     This  situation 
is  considered  in  the  next  section.     We  then  turn  to  sctte  essential 
statistical  notlcns.     The  last  two  sections  of  this  diapter  discuss 
linear  regression,  first  in  statistical  terms  and  th&n  from,  the  point 
of  view  of  a  user  wishing  to  interpret  corrputer  output  fron  a  regression 
program.     Our  treatment  throu^out  is  sketchy  and  ncn-rigorous;  the 
references  listed  at  the  end  of  the  section  are  recarmsnded  for  filling 
the  gaps  we  leave. 
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Simultaneous  Equations 

Ccnslder  a  supply  -  demand  system  vrfiere  P  is  price,  Q  is 
quantity,  and  the  true  equations  are  the  follaiing: 


(2.3) 


P  =  b  +  bpQ  +  e  supply  curve 


Q  =  b     -  b^iP  +  u  demand  curve 

3 


Here  e  and  u  are  error  terms,  and  the  b     are  constants .     Suppose  you 
were  given  data  en  this  maricet  for  a  long  period  of  time.     Could  you 
estimate  the  supply  and  demand  curve?    The  answer  is  clearly  no,  since 
all  the  observaticns  en  P  and  Q  would  be  clustered  around  the  equilibrium 
point.  If  you  knew  that  e  was  generally  mudi  larger  than  u  in 
absolute  value,  you  would  know  that  the  sunnly  cur\e  moved  much  more 
t  han  the  demand  curve.  Post  of  the  data  would  He  near  the  demand  curve 
then,  and  you  could  get  so  idea  of  its  shape.     But  there  would  be  no 
possible  vjay  to  use  the  data  to  estimate  the  parameters  bi  and  bp  of  the 
sipply  curve. 

In  a  classic  early  study  of  the  demand  for  agricultural  commodities, 
Ms  notion  was  errployed.     The  argument  was  that  supply  varied  a  great  deal 
depending  en  the  weather,  but  that  little  rrandon  movement  in  the  demand 
curve  was  to  be  expected.     In  this  situation,  we  say  that  the  demand 
curve  is  identified,  that  is,  it  is  potentially  capable  of  beins; 
estimated  from  the  data,  while  the  supply  cur"^  is  not  identified  (or 
under-identified) . 
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Suppose  now  that  u  and  e  In  (2,3)  ha\«  about  the  same  averaf^s 
(absolute)  size,  bu  t  that  demand  depends  en  the  le-^^l  of  incoTE  as 
well  as  price.     Then  chsngss  in  Incone  will  move  the  demand  cur\^ 
and  traoe  out  the  supply  curve.     The  supply  curve  is  identified  because 
o  f  the  variable  exogenous     to  (determiRed  outside  of)  the  system  of 
equations  we  are  dealing  with.  If  sipply  also  depend  en  rainfall,  and 
if  rainfall  can  be  measured,  it  can  be  shown  that  both  curves  are 
identified.     The  references  at  the  end  of  the   Chapter    discuss  the 
identifications  prdblem  in  more  detail.     The  main  idea  is  that 
exogenous  variables  must  be  present  in  sote  equations  and  not  in  others, 
or  identification  is  inpossible, 

Sippose  that  (2.3)  is  expanded  to  the  following  system: 

P  =  b,  +  b_Q+  bc-R    +  e  sipnly  curve 

(2.4) 

Q  =  b^  -  bi|P+  b^Y  +  u  demand  cur\^ 

Here  b_  and  b^  are  constants,  R  is  rainfall  and  Y  is  ccnsurrer  incoiTB. 
Ob 

As  we  mentioned  ,1ust  above,  these  equations  are  identified.     Can  we 
use  sinple  linear  regression  to  estimate  the  unknown  constants?    The 
answer  is  generally  no. 

As  written  above,  (2,4)  is  conposed  of  structural  equations . 
equations  suggested  by  the  theory.  If  you  solve  (2.4)   for  P  and  Q,  you 
obtain  two  reduced  form  equations  in  vjhich  the  endogenous  variables 
P  and  Q  are  functions  of  the  exogenoiB  variables  R  and  Y  and  the  disturbance 
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tenTB  e  and  u.     Since  both  P  and  Q  depend  en  both  e  and  u.  It  is  clear 
that  e  snd  Q  vri.ll  move  together  in  the  first  equation.  If  e  and  Q  are 
correlated  in  this  fashicn,  least  squares  will  gi\«  results  that  are 
incorrect  (inconsistent  in  the  statistici?n's  tenrttnologv)   and  generally 
misleading. 

The  intuitive  natuns  of  the  problem  is  moderately  sinple. 
Suppose  e  is  large  whenever  Q  is.     We  cannot  observe  e,  thou^. 
Ihus  the  effects  of  both  e  snd  Q  on  P  will  be  attributed  to  Q,  and  any 
method  of  estimating  b^^that  does  not  take  this  into  account  is 
likely  to  COTE  up  with  an  estimate  well  *ove  the  true  value. 

Figure  II. 1  illustrates  this  discussion.     We  assume  that  data 
are  generated  according  to  the  equation 

Y  =  bQ     +  b,  X  +  e, 

where  e  is,  as  usual^an  error  term.     This  eauaticn,  with  e  =  0  is  shown 
as  the  True  Line  in  the  Figure,     Assume  that  e  is  positively 
related  to  X:  whenever  e  is  large,  X  will  tend  to  be  large  also. 
In  this  case,  the  data  will  be  as  shown  in  the  Figure,  where  each 
"o"  represents  an  observation  of  X  and  Y.  Looking  only  at  the  data, 
one  would  take  the  Estimated  Line  as  a  good  estimate  of  the  (unknown) 
True  Line.  But  such  as  estimate  would  clearly  be  misleading.     Formally, 
the  estimated  parameters  are  biased  and  inconsistent;  no  matter  how 
many  observations  we  obtained,  our  estimates  would  still  differ 
systematically  from  the  true  values  of  b»  and  b. 
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Figure  II. 1 
Illustration  of  Biased  Estimates 


Estimated  Line 


True  Line 
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Simultaneous  equation  models  thus  ha\^  two  sorts  of 
problems.     The  first  is  identi fi cation ;  is  it  theoretically  possible  to 
"sort  out"  the  coefficients  of  the  structural  equations  from  observable 
data  generated  by  the  true  equation  system?    The  second  problem  is 
estimation;  if  least  squares  gives  incorrect  estimates,  vrfiat  can  be  used? 
Ihese  problems  are  discussed  in  the  refterences. 

Basic  Statistical  Concepts 

Before  we  can  discuss  least  squares  regression,  vre  must  venture 
briefly  into  the  realm  of  statistical  analysis.    We  ha^«  said  that 
we  will  treat  the  disturtaice  or  error  tern  in  eccncrrEtrLc  equations 
as  a  random  varriat)le.     As  such,  its  particular  values  cannot  be  predicted. 
But  some  useful  things  can  be  said  about  random  variables,  and  we 
shall  prooeeed  directly  to  say  a  ffevf  of  them.     The  results  of  this 
section  are  quite  essential  for  the  rest  of  the  chapter;  the  sensible 
use  of  regression  depends  en  an  uiderstandlng  of  the  properties  of 
randan  variables  that  we  shall  develop  here, 

Sippose  we  ha'v^  a  black  box  with  a  crank,  E'^^ry  time  the  crank 
is  turned,  a  poker  chip  is  e.lected.     Oi  each  poker  chip  is  a  nui*er. 
1h  e  nuntoers  cannot  be  predicted.     Each  nurber  is  an  observation  of  a 
random  variable  we  will  call  x.     Suppose  we  take  the  box  apart.     By 
definition,  this  will  not  enable  us  to  predict  individual  values  of  x. 
But  we  will  be  able  to  sunmarize  the  mechanism  generating  these  values 
of  a  density  function.  f^C*),  \^rt^ich  is  defined  by  the  following 
equation: 
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b 
(2.5)  prdb  (af<    x^  b)  =    /     fj^(x)dx 


In  words,  the  prcbabllity  that  a  particular  value  of  x  will  lie 
betw  een  a  and  b  is  the  area  inder  the  density  function  between  a  and  b. 
The  density  f\ancticn  must  always  be  ncn-negative  to  make  any  sense,  since 
probabilities  cannot  be  less  than  zero.     Also,  the  integral  of  f„(x)   from 
-^  to  +"  must  be  equal  to  cne,  since  some  nurrber  is  en  each  poker  chip. 

Ftemerrber  that  we  know  the  density  functicn  cnl,y  because  we 
have  dismantled  the  black  box.  In  the  real  world,  we  will  never  know 
for  sure  the  exact  form  of  any  density  fmcticn  we  are  interested  in. 

The  next  main  ccnoept  is  that  of  expected  value.     The  expected 
value  of  some  functim  g(x)   of  the  random  vari.;i)le  x  is  written  as 
E[g(x)]  and  is  defined  by 

(2.6)  E[g(x)]  =       /     g(x)    f3^(x)dx. 

Ihe  expected  value  is  sort  of      wei^ted  average,  where  the  wei^ts  are 
probabilities  of  occurance.     Two  ecmncn  and  useful  exnected  values  are 
the  following; 


E[x]  =  u    =  the  mean  of  x 


E[(x-ii)]  =  a=  the  varlanoe  of  x 
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The  mean  of  x  is  a  measure  of  the  central  tendancy  of  the  dlstrlbuticn, 

an  indlcaticn  of  the  avera^  value  of  x.     The  variance,  en  the  other  hand, 

measuresthe  spread  or  dispersion  of  x  around  its  mean.     The  square  root 

of  the  variance,  written  a^^,  is  called  the  staidard  deviatlcn  of  x. 

Expected  values  of  the  form  E[x^]  or  E[(x  -  y  )   ],  where  k  is  a  positive 

integer,  are  often  called  moTEnts  of  the  prcbabilitv        distrl.buticn 

of  X,     The  mean  at  x  is  thus  the  first  manent,  vM.le  the  variance  is 

the  second  moment  about  the  mean. 

We  need  two  further  definiticns,  ImaE!;lne  another  black  box  that 

produces  poker  chips  with  two  nurrbers  en  them,  cne  labeled  x  and  the 

other  labeled  y.     Dismatleing  the  box  would  gl-ve  use  enou^  informatioi 

to  write  down  the  Jdnt  density  functlcn  of  the  two  random  variables. 

This  function  is  defined  by 

b     d 
(2,7)  prob  (a<    x^    b     and     c   <  y^    d)  =    /     /  f    (x,y)dy  dx. 

a     c     ^ 

The  natural  generalization  of  (2.6)  enables  us  to  talk  of  the  expected 
value  of  functions  of  x  and  y. 

Two  of  these  expected  values  are  of  great  interest  to  us.     The 
definitions  are 

E[(x  -  u  )(y  -  y  )]     =     GOV  (x,y)  =  the  covarlaice  o^  x  and  y 

^  y 

cov(x,y) 

o  a  -    p(x,y)  =  the  correlation  coefficient  o^  x  and  y, 

X    y 

The  covarLance  is  a  measure  of  associatlcn.     If  both  variables  are  always 
^ove  and  belcw  their  means  at  the  same  time,  the  covariance  will  be 
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positive.     If  X  Is  abo:^  Its  nEan  when  y  is  below  its  mean  and  vice 
versa,     the  covarlance  vd.ll  be  negative.     The  covarlance  may  have  any  value, 
depending  en  the  size  of  x  and  y.     If  x  were  measured  in  inches  instead 
of  feet,  for  instance,  the  covarlance  of  x  with  any  other  randan 
variable  would  be  multiplied  by  twelve.     The  correlaticn  coefficient  is 
a  measure  of  assocl&ticn  that  does  not  suffer  frcrn  this  defbct.     It 
can  be  shown  that  the  correlation  coefficient  will  always  be  between 
-1  and  +1. 

As  we  mentioned,  nature  very  rarely  delivers  the  exact  form 
of  density  functicns.     Sippose  we  have  T  observaticns  en  x,  call 
them  X..,  ...,  x^.  What  can  these  twll  us  about  the  density  function  that 
generated  them?    One  approach  might  be  to  estimate  the  mornents  of 
the  density  function.     Ihe  true  moments  involved  averaging  over  the 
density  function,  wei^ting  by  the  true  or  population  probabilities.     We 
can  estimate  mcjrents  by  averaging  over  the  observed  or  sarple  probabilities. 
We  could  estimate  the  true  mean  of  x,  for  instance,  by  the  sarple  mean: 


1    T 
y    =    T    E     x^. 
1=1 


X  ...     1' 


Throu^out  this  chapter,  a  hat  (^)  denotes  an  estimated  value.  The 
population  variance  of  x  could  be  similarly  estimated  from  our  data 
by  the  sairple  variance: 
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Estimates  like  these  will  dlfffer  fron  sanple  to  sairple:  the  value 

taken  en  in  any  one  sanple  is  a  random  variable,  since  It  is  a 

f\incticn  of  randan  variables.     This  notion  should  not  be  too  difficult. 

Ihrow  a  die  ten  times.     Count  the  nunber  of  times  it  cotss  ud  six,  and  divide 

this  nunber  by  ten.     This  is  an  estimate  of  a  prcbablLity.  It 

is  a  randcn  vari?i)le,  thou#i,  since  you  cannot  nredict  the  estimate 

you  v/ill  obtain  if  you  throfj  the  die  another  ten  times. 

This  may  begin  to  soind  relevant  to  eccncretrlcs.  In  workinf^ 
with  a  model  of  the  form  of  (2.2) ,  we  assurre  that  there  are  true, 
underlying,  population  values  of  the  b's  that  lead  to  the  data  we  have 
collected.     We  want  to  obtain  a  set  of  estimates  of  them  for  use 
in  decision-making.     These  estimates  will  depend  en  the  exact  values 
taken  en  by  the  (un observable)  disturbance  term  inthe  sanple  we  have^ 
Since  our  estimates  of  the  b's  depend  en  the  random  variable  e,  they 
are  also  random  varl*)les.  In  order  to  say  anything  about  these 
estimates,  for  instance  to  decide  how  precise  they  are,  we  need  to  assume 
scmething  about  the  density  functlcn  of  the  error  term. 

The  most  ccmmcn  assunptlOTi  and  the  most  useful  ene  is  that  the 
error  tenn  is  nomally  distributed.     The  density  flincticn  of  a 
normally  distributed  random  variable  x  is  given  by 
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'■x'^')-  -^:w^   --'^(x -"//"? 


Notice  that  this  functicn  depend  cnly  en  two  paraiTEters:  the  nEan 

and  varLanoe  (or  standard  deviatim).  If  a  random  variable  Is  thou^t 

to  be  normally  distributed,  an  estimate  of  its  density  fljnction  can  be  vrriLtten 

down  as  socn  as  estimates  of  the  mean  and  variance  are  calculated. 

Figure  II. 2  shows  graphs  of  the  normal  density  function  for 
various  values  of  the  parameters.   (None  of  the  functicns  are  actually 
touching  the  horizcntal  axis,  in  spite  of  iw  artworic.)     It  should  be 
clear  that  the  msai  indicates  cnetral  tendancy,  while  the  variance 
measure  dispersion. 

The  rationale  for  using  the  normal  distribution  in  econometrics 
lies  in  the  so-called  Central  Limit  Theorem.  This  theorem  savs,  rou^ly, 
that  the  sum  of  a  very  large  nunber  of  independently  distributed,  very 
small  randan  variables  is  normally  distributed.     This  is  true,  as  the  naire 
o  f  the  theorem  irrplles,  nnly  in  the  limit  as  the  nuirber  of  small 
variables  approaches  infinity.  But  the  approximation  is  quite  good 
Cor  "moderate"  nunbers  of  variables.     This  relates  to  our  earlier 
discussion  of  the  err-or  or  disturbance  term  as  the  net  result  of  a  large 
nunfcer  of  small  forces,  so  the  assurrption  of  a  normal  distribution 
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Figiire   II. 2 
Comparison  of  Different   Normal  Density  Fiinctlons 


4V  ^x(-> 


/4=-2  /''x=0        //=+2 


0  X 

(a-)  different  means,  same  variance 


f^(x) 


(T^  =.25 


0  X 

(b)  different  variances,  same  mean 
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Is  quite  natural.  Least  squares  fe  a  good  estimator  even  if  this 
assurrption  is  wrcng,  and  the  testing  prooedures  we  will  discuss 
are  fairly  reliable  if  the  assuirption  is  even  approximately  correct. 

Two  useful  prcperfcies  of  nonnally  distributed  variables  are  the 
basis  for  the  tests  we  will  be  ccncemed  with  in  our  discussicn  of 
least  squares: 


prcbCfx  -u    I   >2.0  a  ]     -  .05 


prdb[|x  -  u^l  >  2.6  o^]     -  .01 

In  words,  the  prcb*ility  that  a  single  observation  of  a  normally 

distributed  random  variable  x  vd.ll  be  two  standard  deviaticns  away  from 

the  mean  is  about  .05.     The  probability  that  it  will  be  2,6  standard 

deviations  away  is  about.    .01. 

Suppose  we  know  the  variance  of  a  normally  distributed  randan 

variable,  but  we  do  not  know  its  meai.     We  have  T  observations  en 

the  variable,  and  vre  conpute  the  sairple  mean,  y  ,  defined  above. 

What  does  this  estimate  tell  us  about  the  tine  mean?     It  is  easy  to 

show  that  if  a  randan  variable  x,  not  necessarily  normally  distributed, 

has  a  standard  deviation    a   .  the  auantity  u   ,  whidi  is  also  a  randan 

x  '      X 

variable,  will  have  standard  deviation  a  /  T 
*  X 
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A 

If  X  Is  normal]y  distributed  with  meen  Ux»  so  is  u  . 

Sippose  that  we  have  T=25  observations  en  a  particular  variable 
X  with  known  standard  deviation  equal  to  five.  Thus  the  quantity  y 
is  normally  distributed  with  standard  deviaticn  cne.     Suppose 
the  sample  irEcn  is  equal  to  fi^^.  If  the  populaticn  wean  were  1.9,  the 
prob^ility  that  we  would  cbser\«  a  sairple  nsan  of  five  is  less 
than  .01,  since  five  is  more  than  2,6  standard  deviations  away  from 
1.9.     Now  the  populaticn  mean  is  a  fixed  nurrber,  and  we  can't  really  say  that 
it  is  unUkely  to  be  equal  to  1.9.  It  either  is  1,9  or  it  isn't,     VJhat 
we  can  say  is  that  it  is  very  unlikely  that  we  would  have  obtained 
the  observations  v/e  actually  got  if  the  population  mean  is  outside  the 
interval  2,^  -  7.6,  This  is  a  key  notion,  and  it  inderlies  the  theory  of 
hypothesis  testing  and  confidence  intervals. 

We  have  Just  seen  an  exanple  of  the  latter,     Vfe  expressed 
ccnfidenoe  in  the  ^ove  exairple  that  the  trus  population  mean  in  the 
interval  2,H  -  7.6.  In  fact,  we  associate  a  ccnfLdence  coefficient  of 
,99  with  this  interval.     With  ,95  confidence,  we  can  assert  that 
it  is  unlikely  that  a  population  mean  outside  the  range  3.0  -  7.0 
would  give  rise  to  our  data.     In  general,  an  approximate  95% 
confidence  interval  on  the  mean  of  a  normal  distribution  with  known 
variance  is  given  by 
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Procedures  for  ccnstructing  ccnfldenoe  intervals  en  inkncwn 
paraneters  are  closely  related  to  the  methods  used  to  test 
hypotheses  about  those  paraneters.     Still  ccnsidering  the  exairple 
given  sfcove,  suppose  we  have  a  special  interest  in  ivhether  or  not  the 
nean  is  equal  to  one.     We  then  choose  as  our  null  hypothesis ,  the 
hypothesis  to  be  tested,  th  e  equatloi     u    =1,     We  saw  above  that 
1,0  lies  outside  the  99%  ccnfldence  interval  en  the  mean.     Hence  it 
is  unlikely  that  we  would  observe  what  we  did  in  fact  observe  if  the  mean 
were  one.     V/e  reject  the  null  hjipothesis  at  the  1%  level.  If  the 
null  hypothesis  were  that  v^  »  2.9,  we  would  reject  it  at  the  5%  level. 
Consider  the  general  null  hypothesis  u    =  Q.     \i/hen  the  variance  of  x 

X 

is  known,  the  following  statistic  provides  a  test  of  the  null  hypothesis: 


(U^  -  Q)/(a^4T). 


If  this  statistic  is  greater  than  two  in  absolute  value,  the  null 
hypothesis  is  said  to  be  rejected  at  the  5%  level.  If  it  is  greater  than 
2.6        in  absolute  value,  the  null  hypothesis  is  rejected  at  the  1%  level. 
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The  relation  of  this  statistic  to  the  formula  given  above  for  the  confidence 
interval  should  be  clear.  Note  that  you  can  never  formally  accept  a  null 
hypothesis:  you  can  only  fail  to  reject  it. 

In  any  statistical  analysis,  one  takes  as  the  null  hypothesis 
some  hypothesis  of  particular  Interest.  In  a  study  of  the  effect  of 
fertilizer  on  crop  yields,  the  logical  null  hypothesis  is  that 
there  is  no  effect.  In  demand  analysis,  one  sensible  null  hypothesis  is 
that  the  price  elasticity  of  demand  equals  minus  one.  A  very  comnon 
null  hypothesis  in  connection  with  models  of  the  form  of  (2.2)  is  that 
one  of  the  true  b's  is  zero.  If  b.  is  zero,  this  means  that,  given  the  assumed 

J 

functions,  X.  does  not  affect  Y.  The  variable  X.  then  does  not  belong  in  the 

J  J 

equation.  The  hypothesis  that  b.  equals  zero  is  a  natural  one  to  test, 

J 

then,  if  we  are  not  absolutely  certain  that  X.  Influences  Y.  If  this  null 

hypothesis  is  rejected  at  the  5^  level,  we  say  that  the 

coefficient  b.  is  significantly  different  from  zero  (or  significant )  at  the 

5^  level.  In  some  sense,  rejection  of  b.=0  means  that  X.  probably  does 

J  J 

matter  and  should  be  left  in  the  equation.  If  the  null  hypothesis  cannot 
be  rejected,  the  variable  should  generally  be  dropped  and  the  equation 
re-estimated  without  it.  This  should  be  done  because  the  fewer  the 
coefficients  being  estimated  from  a  given  number  of  observations, 
the  more  reliable  will  be  the  estimate  of  each  coefficient. 

How  do  we  test  the  hypothesis  b.  =  0?  We  mentioned  above  that  the 
least  squares  estimates  of  the  b's  are  random  vai''iables,  since  they 
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depend  on  the  (unobservable)  values  taken  on  by  the  error  term.  If  the  error 

term  is  normally  distributed,  the  b's  vd.ll  be  also.  The  true  means 

of  these  randan  variables  are,  as  you  might  expect,  the  true  b's  - 

provided  some  assunptions  discussed  below  are  valid.  The  standard 

deviations  of  these  estimates,  however,  are  not  known  a  priori.  It 

is  possible  to  estimate  them,  though,  and  all  standard  regression 

programs  do  this.  The  test  outlined  above  is  approximately  correct 

when  the  standard  deviations  are  estimated  correctly.  We  will 

discuss  in  the  latter  part  of  the  next  section  how  the  test  must 

be  modified  to  take  account  of  the  fact  that  the  standard  deviations 

must  be  estimated.  Let  us  first  examine  the  assunptions  and  procedures 

of  multiple  linear  regression. 

Regression:  Method 

For  simplicity,  we  will  write  our  basic  model  (2.2),  in  the 
following  form: 

(2.8)    Y  =  b,X,  +  ...  +  b  X  +  e 
11        n  n 

The  variables  Y  and  X-, ,  . . . ,  X  in  this  equation  are,  in  general, 
functions  of  the  variables  appearing  explicitly  in  equation  (2.2). 
Defining  new  variables  in  this  way  costs  us  no  generality  and  sinplifies 
the  notation. 

We  have  spent  a  long  time  talking  around  least  squares 
estimates,  without  defining  just  what  such  estimates  are.  We 
will  now  provide  such  a  defintion.  Suppose  that  we  have  any  set 
of  estimates  of  the  b's  In  (2.8).  As  usual,  call  these  estimates 
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b, ,  . . .  b  .  We  can  then  write,  for  each  observation, 
1'     n  '  ' 

e(t)  =  Y(t)  -  b,X,  (t)  -  ...  -  b  X  (t). 
11  n  n 

This  equation  defines  the  estimated  error  e(t),  often  called  the 

residual,  for  each  observation  for  the  given  estimates  of  the  b's. 

Least  squares  estimation  consists  in  choosing  the  b's  so  as  to  mlnl- 

mize  the  sum  of  squared  residuals,   5-  e(t)^.   The  references  present 

i^ 
the  algebra  involved  in  conputing  least  squares  estimates,  but  for 

our  purposes  a  knowledge  of  these  mechanics  is  not  at  all  essential. 

Are  the  estimates  so  obtained  good  ones?  It  all  depends 
on  how  one  defines  "good",  as  there  are  a  number  of  properties  that 
are  desirable  in  an  estimation  method.  We  will  consider  several 
of  the  most  common  and  Indicate  when  ordinary  least  squares  possesses 
them. 

First,  an  estimation  method  should  be  moderately  simple, 
in  the  sense  that  the  required  computations  are  not  unduly  elaborate. 
Least  squares  is  a  member  of  the  class  of  linear  estimators,  since 
it  can  be  shown  that  the  b's  are  lineai'-  functions  of  the  observations 
on  Y.  Linear  regression  is  thus  a  fairly  sinple  estimation  method. 

A  second  desirable  property  is  that  the  estimates  not 
differ  systematically  from  the  true  values.  One  measure  of  this 
property  Is  called  bias;  an  estimator  of  equation  (2.8)  is  said  to 
be  unbiased  if  E[b.]  =  b.  for  all  1.  Least  squares  estimates 
will  be  unbiased  in  general  if  the  following  assumptions  hold: 
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A.l   ECe(t)]  =  0,  all  t.  The  error  term  Is  assumed  to 
to  have  a  mean  of  zero. 

A. 2  cov  [X.(t),e(t)]  =  0,  all  1  and  t.  The  error  term 
is  not  correlated  vdth  the  Independent  variables. 

A. 3  It  Is  never  the  case  that,  for  1  /  j,  X. (t)  =  a+bX. (t) 

for  all  t.  No  two  independent  variables  are  perfectly 
correlated  (move  exactly  together) . 


In  time-series  analysis,  it  is  often  the  case  that  one  of  the  X's 
in  (2.8)  is  equal  to  the  value  that  Y  assumed  in  an  earlier  period. 
Such  quantities  are  Kferred  to  as  lagged  dependent  variables.  VJhen 
an  equation  contains  one  or  more  lagged  dependent  variables,  the 
following  assumption  must  be  added  to  A.l  -  A. 3  in  order  to 
ensure  that  the  estimates  will  be  unbiased  for  large  sarrples: 

A. 4  cov  [e(t),e(t+a)]  =  0,  all  t  and  a.  The  errors 

corresponding  to  different  observations  are  uncor- 
related . 

(Mienever  lagged  dependent  variables  are  present  in  a  regression  there 

will  be  a  bias  in  small  sanples.  This  bias  is  usually  neglected  in 

practice  as  long  as  A . ^  holds . ) 

A  third  property  that  a  good  estimator  should  have  is 

efficiency .  We  would  like  the  estimated  values  to  be  as  close  as 

possible  on  average  to  the  true  values.  If  we  add  one  more  assumption 

to  the  set  A.l  -  A. 4,  least  squares  estimates  will  be  efficient  in 

the  sense  that  E[  (b .  -b . )  ]  will  be  lower  for  all  i  than  for  b . '  s  generated 

by  any  other  linear  unbiased  estimator.  That  assuiiption  is 
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A. 5  E[e(t)  ]  =<rf  ,  a  constant  for  all  t.  The 
variance  of  the  error  tenn  Is  the  same  for 
all  observations. 


One  last  assunptlon  is  often  made  when  linear  regression 
is  used: 

A. 6  e(t)  is  normally  distributed  for  all  t. 
If  assumption  A. 6  holds  in  addition  to  A.l  -  A. 5,  least  squares 
estimates  are  maximum- likelihood .   This  means,  roughly,  that  the 
least  squares  estimates  of  the  b-  maximize  the  probability  of 
obtaining  the  data  actually  observed.  Put  sligl^y  differently, 
the  least  squares  estimates  are  those  b's  that  make  it  most  likely 
that  we  would  observe  what  we  actually  did  observe.  This  does  not 
sound  too  powerful,  but  it  is  a  very  desirable  property  for  estimators 
to  have.  Second,  as  we  have  mentioned,  the  estimates  will  be 
normally  distributed.  If  A. 6  holds  approximately,  both  these  properties 
also  hold  approximately.  The  mean  of  the  b's  will  be  the  trijeb's, 
but  the  variances  (and  covar lances)  are  of  course  not  known  a  priori. 
Mention  of  the  normal  distribution  suggests  (again)  that  we 
can  modify  the  hypothesis  test  we  developed  in  the  last  part  to 
test  hypotheses  on  the  individual  coefficients,  and  we  shall 
indeed  do  this  shortly. 
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First,  though,  we  shall  discuss  what  happens  to  least 
squares  when  assunptlons  A.l  -  A. 5  fail.  Assurrption  A.l,  that  the 
error  term  have  zero  mean.  Is  not  an  Issue  If  the  regression 
equation  contains  a  constant  tenii.  It  will  then  be 
Imposslbel  to  tell  whether  the  estimate  of  the  constant  corresponds 
to  the  true  value  of  the  constant  term  or  to  a  non-zero  mean  value 
of  the  errors.  But  Is  Is  difficult  to  imagine  a  situation  in  which 
this  distinction  matters.  A  very  inportant  fact  of  least  squares 
is  that  lA^ien  there  is  a  constant  teim  (intercept)  present  in  the 
estimated  equation,  the  conputed  residuals  sum  to  zero  identically. 

Violation  of  assunption  A. 2  is  a  problem  in  simultaneous 
equation  models,  as  we  discussed  earlier.  Also,  this  assunption  is 
violated  v^en  lagged  dependent  variables  are  used  as  independent 
variables.  In  either  case  violation  of  A. 2  will  lead  to  biased 
estimates.  Corrective  action  can  be  taken:  see  the  references.  This 
assunption  cannot  be  tested  using  the  data.  It  is  a  property  of  least 
squares  estimates  that  the  residuals  will  have  zero  (sairple)  covarlance 
with  each  of  the  Independent  variables  in  the  equation. 

If  assunption  A. 3  as  stated  above  is  violated.  It  is  literally 
impossible  to  compute  least  squares  estimates.  (The  conputer  will 
try  to  divide  by  zero  -  and  foil) .  This  is  not  a  common  problem; 
what  often  happens  is  that  two  or  more  of  the  independent  variables 
are  almost  perfectly  correlated.  This  problem  is  called  multlcolllnearlty ■ 
When  two  variables,  say  X-,  and  Xp,  move  very  closely  together,  it 
is  hard  for  you  or  the  conputer  to  tell  which  changes  in  Y  are  due 
to  changes  in  Xi  and  which  are  caused  by  changes  in  Xp.  If  the  two 
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variables  are  expected  to  move  togetlier  in  the  future,  there  is 
no  problem  in  tenns  of  forecasting.  One  variable  is  simply 
dropped  fron  the  equation,  and  vihen  the  regression  is  re-estimated 
the  other  picks  \jp   the  effects  of  both  on  Y.  If  you  are  really 
interested  in  the  separate  impact  of  the  correlated  variables, 
though,  the  problon  is  far  from  sinple.  Occasionally,  the  theory 
underlying  the  equation  may  suggest  a  solution.  The  iisually  textbook 
anser  is  "get  more  data",  but  this  may  not  be  possible.  Nature  does 
not  always  perforai  the  sorts  of  experiments  we  would  like  her  to. 

How  do  you  tell  if  multicollinearity  is  causing  trouble  ? 
There  is  no  hard  and  fast  answer,  from  the  nature  of  the problem. 
If  all  the  coefficients  are  significant,  there  is  usually  nothing 
to  worry  about.  If  several  coefficients  are  not  significant,  and 
dropping  one  or  more  variables  makes  seme  of  these  significant, 
multicollinearity  is  usally  causing  trouble.  A  glance  at  the 
correlation  coefficients  of  pairs  of  independent  variables  (if 
available)  may  indicate  the  source  of  the  problon. 

Assunption  A.4  Js  mainly  an  issue  in  time-series  studies. 
When  the  error  tenns  from  different  (isually  adjacent)  time  periods 
are  correlated,  the  problem  is  said  tqbe  one  of  autocorrelation 
or  serial  cojrTr^elatlon  of  the  errors.  When  this  is  present,  least 
squares  estimates  are  not  efficient,  and  they  are  biased  if  ]agged 
dependent  variables  are  present.  There  are  tests.  Involving  the 
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ccxrputed  residuals,  for  sinple  sorts  of  autocorrelation^and  corrections 
can  be  made  to  produce  unbiased,  efficient  estimators.  We  will  examine 
the  most  cannon  test  for  autocorrelation  in  the  last  section  of  this 
chapter. 

Besides  indicated  that  the  error-genratlng  mechanism  is  not 
v\fliat  we  would  prefer,  the  presence  of  autocorrelation  in  the  residuals 
may  signal  another  problem.  In  fact,  this  other  problem  is  usually  the 
source  of  the  observed  serial  correlation.  Systematic  movement  of  the 
estimated  errors  is  usually  caused  by  mis-specification .  There  are 
two  types  of  mls-speciflcatlon.  First  the  functional  form  of  the 
estimated  equation  may  be  incon^ect.  If  the  data  came  from 
Y  =  b-^  +  b2  X  +  b^  X^  +  e  and  the  equation  Y  =  b-|_  +  b2X  +  e  Is 
estimated,  there  will  be  systematic  (autocorrelated)  errors  because  of 
the  failure  of  the  estimated  equation  to  take  account  of  the  real 
non-linearity  present .  So  one  approach  to  the  problem  of  serial  corre- 
lation is  to  try  different  equations.  Another  kind  of  mis-specification 
is  leaving  out  Irnportant  variables.  If  the  equation  produces  systematic 
residuals  (differences  between  forecast  Y  and  actual  Y),  it  may  mean 
that  scane  variable  that  (1)  influences  Y  and  (2)  moves  systematically 
over  time  has  been  left  out  of  the  estimated  equation.  If  alternative 
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sensible  functional  forms  don't  get  rid  of  the  serial  correlation , 
one  might  reconsider^, the  basic  independent  variables  being  errployed. 
Has  scmething  Inportant  been  left  out?  If  the  answer  is  yes, 
the  solution  is  to  re-estimate  vd.th  the  omitted  variable  or 
variables  present. 

In  an  atterrpt  to  explain  and  solve  a  problem  of  serial 
correlation,  it  is  sometimes  useful  to  look  at  a  graph  of  the 
estimated  residuals  gainst  time  andsee  if  anything  significant  suggests 
itself.  This  is  nto  generally  productive,  though,  unless  detailed 
knowledge  of  the  sanple  period  that  is  not  embodied  in  the  data  is 
available.  (Knowing  in  Milch  years  major  wars  took  placells  an 
exanple  of  Infonnatlon  of  this  sort).  A  graph  of  serially-correlated 
residuals  against  time  usually  look  like  a  sine  wave  plus  noise,  and 
is  not  especially  infomiatlve. 

Finally,  if  only  assurrption  A. 5  falls,  least  squares 
estimates  are  still  unbiased.  They  are  not  efficient,  though.  If  you 
an  get  some  idea  of  how  the  variance  at  the  errors  varies  from  observa- 
tion to  observation,  it  is  possible  to  transform  the  variable  so 
that  efficient  estimates  of  the  b's  are  obtained.  The  null 
hypothesis  of  equal  variance,  or  homoscedasticity  ,  can  be  tested 
against  the  alternative  of  unequal  variances,  hetr-troscedastlclty .  The 
references  contain  descriptions  of  the  tests  Involved. 
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Before  examining  the  output  produced  by  a  multiple  regression 
program,  there  Is  one  final  Issue  we  must  deal  with.  We  must  consider 
testing  hypotheses  on  the  true  coefficients  in  (2.8).  Under  assunptlon 
A.6,  least  squares  estimates  of  these  coefficients  are  nonnally  distributed 
with  unknown  variance.  Suppose  the  standard  deviation  of  b.  Is  estimated 
to  be  T  by  the  regression  program.  (See  the  references  for  the  algebra 
and  statistics  Involved  in  constructing  such  estimates,)  If  the  null 
hypothesis  b.  =  Q  Is  to  be  tested,  the  discussion  In  the  last  part 
of  this  section  suggests  that  the  following  statistic  be  enployed: 

(2.9)    t  =  (b^  -  Q)/t:. 

This  Is  the  so-called  t-statlstlc.  If  the  null  hypothesis  is  true. 
It  is  distributed  as  Student's  t  with  mean  zero.  (Recall  that  if  the 
standard  deviation  of  b.  were  know  a  priori,  this  statistic  would  be 
normally  distributed  under  the  null  hypothesis  with  mean  zero  and 
standard  deviation  one.  See  the  deflntlon  of  the  normal  distribution). 
If  b.  is  not  equal  to  Q,  the  distribution  of  t  will  clearly  not  have 
a  mean  of  zero. 

If  the  t-statlstic  is  greater  than  two  in  absolute  value, 
can  be  reject  the  null  hypothesis  at  the  5^  level?  Almost,  but  not  quite. 
The  correct  procedure  involves  consideration  of  the  degrees  of  freedom 
of  the  regression.  If  there  are  T  observation  and  n  coefficients,  the 
regression  is  said  to  have  (T-n)  degrees  of  freedom.  The  larger  the 
number  of  degrees  of  freedom,  intuitively,  the  more  confident  we  are 
of  our  estimate  of  ^. ,  and  the  more  nearly  we  can  act  as  if  this 
quantity  is  know  for  certain. 
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In  fact,  unless  T  is  at  least  equal  to  n,  it  is  algebraically 
impossible  to  coipute  least  squares  estimates.  (As  before,  the 
computer  will  attenpt  to  divide  by  zero  and  fail) .  If  T  is  equal  to  n, 
the  estimated  residuals  will  all  be  zero,  and  the  o"  .  will  be  zero 
also.  (It  is  always  possible  to  pass  a  straight  line  exactly 
through  any  two  points  in  a  plane,  a  plane  can  always  be  passed  exactly 
through  any  three  points  in  three  dimensions ,  and  so  on) .  It  is  hard  to 
have  any  lealconfidence  that  the  next  observation  encountered  will  be 
exaxtly  explained  by  such  an  equation,  ad  it  is  inpossible  to  believe 
that  simply  because  adMtional  observations  are  not  available  we  have 
found  exactly  the  true  coefficient.  The  larger  is  (T-n),  the 
more  information  available  per  coefficient. 

The  exact  density  function  of  the  t-statistic  therefore 
depends  on  the  degrees  of  freedan  of  the  regression,  on  the  "quality 
of  the  estimated  coefficients  and  of  their  estimated  standard  deviations. 
For  more  than  20  degrees  of  freedcm,  t's  larger  than  2.09  in  absolute 
value  serve  to  reject  the  null  hypothesis  being  feested  at  the  55^ 
level.  A  t-valeu  of  2.85  signals  rejectionat  the  \%   level.  If  the 
regression  involves  fewer  than  20  degrees  of  freedom,  you  must 
consult  the  tables  in  the  references  for  the  exact  values  of  t  that 
are  needed  to  reject  the  null  hypothesis. 
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Regresslon:  Results 

Suppose  we  have  gathered  or  been  given  a  body  of  data,  we 
have  verified  the  applicability  of  least  squares,  and  we  have 
gone  to  the  conputer  and  estimated  the  coefficients  of  a  plausible 
regression  equation  of  the  form  of  (2.2)  that  incorporates  all  the 
infoimatlon  we  can  distill  from  economic  theory  and  cannon  sense. 
We  now  want  to  look  at  the  statistics  the  conputer  will  provide  and  we 
want  to  see  what  these  numbers  tell  us  about  our  trial  equation. 

The  following  are  the  main  outputs  of  most  regression  programs: 

1.  Estimated  Coefficients 

2.  Standard  Errors  of  the  Coefficients 
3.  t  -  Statistics 

4.  R^  Statistic 

5.  Standard  Error  of  the  Equation 

6.  Durbln-Watson  Statistic. 
We  shall  discuss  each  of  these  in  turn. 

In  terms  of  the  notation  we  have  been  using,  the  estimated 
coefficients  are  the  b . ' s  and  the  standard  errors  of  the  coefficients 
are  the  (T. ' s ,  the  estimated  standard  deviations  of  the  estimated 
coefficients.  The  t-statistlcs  are  sinply  the  ratios  of  the  coefficients 
to  their  estimated  standard  errors.  A  glance  at  (2.9)  indicates  that 
the  null  hypothesis  that  the  coefficient  is  zero  is  inplicitly 
being  tested.  If  the  absolute  value  of  the  t-statistic  is  large 
enough  to  reject  this  null  hypothesis  at,  say,  5^,  the  coefficient 
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Is  said  to  be  significant  at  the  5^  level.  If  the  coefficient  also 
has  the  expected  sign  and  a  reasonable  magnitude,  there  Is  a  strong 
presunption  that  the  corresponding  independent  variable  does  affect  the 
dependent  variable. 

Besides  the  standard  errors,  most  regression  programs, 
provide  the  estimated  variance-covariance  matrix  of  the  coefficients. 
The'^'a  are  simply  the  square  roots  of  the  estimated  variances.  The 
estimated  covariances  can  be  used  to  test  hypotheses  and  establish 
confidence  intervals  on  linear  ccmbinatlons  of  the  b's.  The 
fundamental  result  that  makes  this  possible  is  the  following.  If 

U  and  V  are  normally  distributed  randan  variables  with  mean  p  and 

2      2 
P,   variances  0'  and  ty   ,  and  covariance  cov  (u,v),  the  linear 

combination  aU  +bV,  vdth  a  and  b  any  constants,  is  normally 

2   ?     2  ? 
distributed  vdth  mean  [a  ^  +  b  P  ]  and  variance  [a  a-+b  (1"^  + 

2ab  cov  (u,v)]. 

If  for  axaiiple,  it  is  desired  to  test  the  null  hypothesis 

that  b-,=bp,  the  following  t-statlstic  is  conputed: 


^^1~^2-^'^  ®"l     "*"  ^2  ~  2cov(b-j_,b2) 

All  the  quantities  under  the  square  root  sign  are  taken  from  the 
estimated  variance-covariance  matrix  of  the  coefficients.  There  are 
still  (T-n)  degrees  of  freedom  associated  with  this  statistic. 

Since  forecasts  of  Y  from  a  model  of  the  form  (2.8)  are 
sinply  linear  combinations  of  the  b . ' s ,  an  estimated  variance  of  forecast 
can  be  conputed  following  this  sort  of  procedure,  and  confidence 
intervals  on  the  actual  value  of  the  dependent  variable  can  be  calculated. 
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The  size  of  such  an  Interval  will  depend  on  how  well  the  regression 
equation  fits  the  given  observations  and  on  how  good  the  coefficient 
estimates  are.  Again,  the  references  contain  more  detailed  discussions 

of  these  points. 

2 

The  fourth  Item  on  the  list  above,  the  R  statistic.  Is  a 

measure  of  how  well  the  model  explains  the  movements  of  the 
dependent  variable.  It  Is  defined  by  the  following  equation: 


r2  =  1  _  [  T  ^^^^2/  ^  iY(t)-Pyfy. 
1=1        1=1        ^ 


Prom  tMs  deflntlon.  It  should  be  clear  that  the  least  squares  can  be 

2  2 

thought  of  as  a  procedure  for  maximizing  R  .  The  value  of  R 

will  always  be  between  zero  and  one  If  the  regression  contains  a  constant 

term.  It  may  be  less  than  one  If  no  constant  Is  present.  The  usual 

Interpretation  of  R'^  Is  as  the  percentage  of  the  variance  of 

the  dependent  variable  explained  by  the  regression  equation  .  (If  you 

know  about  analysis  of  variance,  this  should  sound  familiar.  Indeed, 

linear  regression  and  anlysls  of  variance  are  two  ways  of  looking 

at  the  same  statistical  procedure).  The  R  statistic  Is  said  to 

measure  the  goodness  of  fit  of  the  regression.  Remember,  though, 

2 
that  econometrics  is  not  concerned  only  with  obtaining  R  's  close  to 

one.  The  Individual  coefficients  must  be  significant  and  reasonable, 

and  the  form  of  the  equation  must  be  sensible. 
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The  F-statlstic,  which  is  printed  by  many  regression  programs, 

2 

can  be  used  to  test  for  the  significance  of  the  R  •  That  is,  it 

provides  a  test  of  the  null  hypothesis  that  all  of  the  true  b's  are 
zero,  that  no  relationship  is  present.  On  this  hypothesis,  the  quantity 
[R^/(n-l)]/[(l-R?/(T-n)]  is  distributed  as  fwith  (n-1)  and 
(T-n)  degrees  of  freedom.  Large  values  of  F  serve  to  reject  the  nill 

hypothesis.  This  is^nerally  a  rather  weak  test,  especially  in  time- 

2 
series  analysis,  since  rather  low  (say  .30)  values  of  R  are  usually 

shown  to  be  significant  by  the  F-test.  IF  it  is  desired  to  use  this 

test,  one  must  consult  one  of  the  tables  in  the  references  or  elsewhere. 

The  standard  error  of  the  quations,  or  the  standard  error  of 
estimate,  issimply  the  estimated  standard  deviation  of  the  error  tenn. 
Any  forecast  from  the  equation  has  a  margin  of  error  at  least  equal  to 
one  standard  error.  To  really  evaluate  the  accuracy  of  forecasts, 
however,  confidence  intervals  must  be  conputed,  as  outlined  above. 
A  95/^  confidence  interval  cxi  a  forecast  will  be  at  least  four  standard 
errors  wide. 

Notice  that  the  standard  error  will  depend  on  the  exact 
dependent  variable  used.  An  equation  with  dependent  variable  Y  will, 
in  general,  have  a  larger  standard  error  than  the  same  equation  with 
log  (Y)  as  the  dependent  quantity.  This  is  sinply  because  the 
variance  of  Y  is  usually  greater  than  the  variance  of  log  (Y),  since, 
for  Y  greater  than  one,  Y  i  larger  than  it  logarithm.  The  real 
significance  of  the  standard  error  is  how  large  it  is  relative  to  the 
variance  of  the  actual  dependent  variable  used,  and  this  is  measured 
by  the  R^  statistic. 
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The  Durbln-Watson  Statistic  (DW)  is  used  to  test  the  hypo- 
thesis that  adjacent  errors  are  uncorrelated.  This  statistic  Is 
essentially  worthless  if  lagged  values  of  Y  have  been  employed  as 
Independent  variables  in  the  regression.  Our  discussion  applies 
only  to  the  case  vAiere  no  lagged  dependent  variables  are  present. 
The  formal  model  that  underlies  the  DW  test  considers  the  error 
teim  e(t)  as  having  been  generated  by  a  process  of  the  following  sort: 

e(t)  =Pe(t-l)  +  u(t), 

where  P  is  a  constant  between  minus  and  plus  one,  and  adjacent  values 
of  u(t)  are  not  correlated.  This  is  called  a  first-order  markov 
process,  and  f is  the  first-order  serial  correlation  coefficient. 
If  subh  a  process  is  generating  the  e's,  the  expected 
\^alue  of  the  DW  statistic  is  approximately  ,ii(l-  P);  tlie  range  of  the  DW 
statistic  is  0  -  k.     Values  of  DW  less  than  two  indicate  a  p  between 
zero  and  one.  Looking  at  the  equation  above,  this  means  that  successive 
error  terms  will  be  close  together.  With  a  value  of  P  of  .90,  for 
instance,  one  would  expect  a  long  run  of  positive  errors  followed 
by  a  long  run  of  negative  errors,  and  so  on.  The  pattern  of  residuals 
against  time  would  generally  look  (as  we  remarked  above)  like  a 
noisy  sine  waffe.  If  f>   is  between  zero  and  minus  one,  on  the  other 
hand,  positive  errors  tend  to  be  followed  immediately  by  negative 
errors,  and  vice  versa.  The  first  case  (0  -^  f  -^  +1)  is  called 
positive  serial  correlation,  and  the  second  situation  (-1  ■$  P  -^   0) 
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is  referred  to  as  negative  serial  coerrelatlon.  Positive  serial 
correlation  Is  the  more  common  the  two  problems. 

What  values  of  the  Durbln-Watson  statistic  serve  to  reject 
the  null  hypothesis  of  no  first-order  autocorrelation,  the  hypothesis 
P  =  0?  Naturally,  the  critical  values  depend  on  the  number  of  observa- 
tions and  the  number  of  estimated  coefficients  -  see  the  references 
for  tables.  The  DW  test  iias  a  rather  bothersome  particularity.  The 
tables  present  values,  labeled  d., ,  such  that  the  hypothesis  of  no  serall 
correlation  is  rejected  if  DW  Is  less  than  d,  or  greater  than  (4-d  ,). 

The  tables  also  show  another  set  of  numbers,  labeled  d  ,  such  that 

*        u' 

the  niill  hypothesis  is  retained  if  DW  is  between  d  and  (Vd  ).  If  DW 
is  in  the  range  of  [d^-d^J  or  [(£--d  )-(4-d-)],  nothing  definite 
can  be  said.  A  safe  course  is  to  reject  the  null  hypothesis  if  DW 
is  outside  the  range  [d  -(4-d  )].  A  rough  rule  of  thumb  Is  that  a 
value  of  DW  outside  the  range  1.5  -  2.5  signals  trouble. 

References 

We  have  come  to  the  end  of  our  informal  treatment  of  multiple 
regression.  We  have  (hopefully)  made  no  really  incorrect  statements, 
but  neither  have  we  verified  most  of  what  we've  said.  Listed  below 
are  sane  textbooks  that  can  be  read  by  students  with  no  mathematics 
beyond  elementary  calculues  which  examine  econometrics  more  rigorously 
than  we  have  been  able  to  do  here.  Many  of  the  difficult  points  that 
we  have  glossed  over  are  dealt  with  in  these  texts,  useful  tabeles 
are  presented,  and  techniques  beyond  ordinary  least  squares  regression 
are  developed.  It  is  highly  recommended  that  the  student  look  at  one 
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ar  more  of  these  books  before  attenpting  any  estimation.  The  texts 
are  arraaged  roughly  in  order  of  increasing  difficulty: 

1.  M.  J.  Brennan,  Preface  to  Econometrics,  (Cincinnati: 
South-Western,  Second  Edition,  1965) • 

2.  E.  J.  Kane,  Economic  Statistics  and  Econometrics,  (New 
York:  Harper  and  Row,  196B) . 

3.  L.  R.  Klein,  An  Introduction  to  Econometrics  (Englewood 
Cliffs,  N.J.:  Prentice  Hall,  1962). 

^.  C.E.V.  Leser,  Econcmetrlc  Techniques  and  Problems, 
(New  York:  Hafner,  I966). 

5.  J.  Johnston,  Econonetric  Methods,  (New  York: McGraw-Hill 
1963). 

Kane's  text  has  a  rather  conplete  set  of  tables.  The  other 
references  are  less  useful  in  this  regard.  The  various  editions  of 
the  CRC  handbook  of  Standard  Mathematical  Tables  contain  tables  for 
the  F  and  t  tests.  The  books  by  Leser  and  Johnston  assume  a  basic 
knowledge  of  statistics. 
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CHAPTER  III 
The  Estimation  Exercises 

The  nature  of  these  exercises  may  be  clarified  a  bit  by  the 
presentation  of  the  sort  of  role-playing  you  might  engage  in.  Imagine 
that  you"' re  on  the  headquarters  staff  of  a  large  congolmerate ,  or 
of  the  Council  of  Economic  Advisors  -  or  even  of  Nader's  Raiders. 
Your  task  is  to  Investigate  first  the  demand  structure  and  then  the  cost 
functions  for  a  particular  industry.  Your  diligent  assistant  has  come 
up  with  some  historical  infonnatlon,  which  is  described  in  the  next 
section.  Your  task  is  to  intelligently  use  these  data  and  to  present 
your  conclusions  in  an  informative  report.  The  main  difference  between 
these  exercises  and  real-world  problems  of  the  sort  described  is  that 
the  data  here  are  better  and  the  situation  investigated  is  sinpler 
than  is  usually  the  case  in  reality. 

After  discussing  the  nature  of  the  industry  and  of  your 
data,  we  turn  to  a  rather  brief  presentation  of  cemmonly-made  mistakes 
in  applied  econometric  work.  This  section  could  be  much  longer;  possible 
errors  org  legion.  But  experience  suggests  that  the  only  way  to  really 
gain  an  understanding  of  the  use  of  linear  regreslon  is  to  actually  use 
it.  Scientific  though  economics  tries  to  be,  applied  economietrics 
is  still  sanewhat  of  an  art .  The  last  section  of  this  chapter 
discusses  the  essential  elements  that  should  be  present  in  good 
staff  reports  on  these  two  exercises. 
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The  Industry 

All  cost  data  refer  to  the  operations  of  a  typical  firm  In 
the  industry  under  study.  Slmihrly,  the  demand  data  refer  to  the 
demand  experienced  by  an  average  flira  In  periods  In  which  all  firms 
were  selling  at  the  same  price. 

The  population  and  the  genral  price  level  (cost  of  living) 
have  noCchanged  In  the  period  for  which  data  are  provided.  Aggregate 
disposable  income  (consumer's  Inccme  after  taxes)  has  changed,  however, 
and  you  will  be  given  the  values  it  attained. 

In  the  period  for  ;*iich  data  are  available,  the  industry  had 
a  large  number  of  firms,  the  number  of  firais  was  the  same  in  all  years. 
(You  will  be  given  the  number  of  forms  in  tte  forecasting  problon;  you 
do  not  need  this  fact  here) .  Each  firm  operated  one  plant  producing 
a  non-durable  consumer  good.  All  plants  were  and  are  identical,  and  all 
have  a  capacity  of  100,000  units  of  output  per  year.  No  more  can  be 
produced  under  any  circumstances.  There  has  been  no  technical  change 
in  this  industry;  the  same  production  process  was  in  use   in  all  years 
for  which  data  is  provided. 

The  variable  factors  of  production  were  and  are  used  in 
strictly  fixed  proportions.  An  index  of  the  price  of  these  factors 
will  be  provided  along  with  other  cost  data  if  these  prices  have  changed 
over  the  period.  (If  labor  were  the  only  variable  factor,  this  index 
would  be  equal  to  the  wage  rate  in  eamyear  divided  by  the  wage  rate 
in  an  arbitrary  base  year.)  Cost  figures  Include  the  opportunity 
cost  of  capital  and  entrepreneurship .  Notice  that  the  assurrption  of 
unchanged  plants  means  that  some  factors  or  production  were  fixed 
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throiighout  the  period. 

If  this  were  all  you  knew  about  the  industry,  you  would  be 
faced  with  a  rather  severe  problem.  Price  and  quantity  would  be 
determined  by  the  intersection  of  the  industry  aupply  and 
demand  curves.  Since  disposable  income  and  the  prices  of  the  variable 
factors  of  production  varied  over  the  period,  both  curves  would 
be  identified,  as  we  discussed  in  the  last  chapter.   But  any 
sensible  model  of  the  industry  would  have  to  take  account  of  the 
fact  that  price  and  output  are  determined  by  two  simultaneous  equations. 
Ordinary  least  squares  could  not  be  used  for  your  investigations,  as 
it  would  produce  biased  estimates,  estimates  that  differed  systematically 
from  the  true  coefficients. 

One  fact  about  the  industry,  stated  in  Chapter  I,  makes 
possible  the  application  of  ordinary  linear  regression.  At  no  time 
in  the  past  has  the  market  price  of  this  commodity  been  determined 
wholly  by  simply  and  demand.  The  output  of  each  firm  in  the  industry 
was  either  determned  directly  by  the  government  or  fixed  by  arbitrary 
non-price  rationing  of  an  essential  input  factor.  Thus  firms'  costs 
did  not  affect  supply  or  price.  A  simultaneous  equation  model  is  not 
appropriate;  use  of  least  squares  is. 

Estimating  Economic  Relationships 

A  first  warning.  When  you  are  given  a  listing  of  the  data, 
there  is  a  natural  tendency  to  pore  over  it  in  an  attenpt  to  discover 
significant  relationships.  This  is  generally  harmless  of  not  too 
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productive.  But  many  students  waste  hours  trying  to  obtain  sirrple 
Insights  from  a  large  number  of  flgores.  The  conputer  can  sumarlze 
and  analyze  data  better  than  you  can  with  a  pencil  and  paper.  Use 
the  caiputer  for  what  it  can  do  best. 

But  this  remark  calls  for  a  second  caveat.  The  ccsrputer  • 
cannot  think,  and  it  knows  no  economic  theory.  Since  the  number  of 
equations  you  can  estimate  v/ill  be  limited,  you  must  do  some  analysis 
before  going  to  the  conputer.  The  demand  function  b  a  model  of 
consumer  decision-making,  and  the  cost  function  reflects  both  technology 
and  managerial  choices.  You  must  make  sure  that  the  equations  you 
estimate  reflect  these  characteristics  of  the  underlying  relationships. 
Are  the  right  variables  present?  Are  the  functional  forms  economically 
sensible?  Are  they  needlessly  corplex? 

Do  not  try  to  use  the  conputer  to  select  "inportant" 
variables  before  estimating  cost  and  demand  functions.  When  one 
variable  depends  on  two  or  more  other  variables,  regressing  the  dependent 
variable  on  the  independent  variables  on-at-a-time  can  produce 
highly  misleading  results.  To  dramatize  this  point,  consider  the 
data  presented  in  Table  IIl^;  Examine  first  only  the  variables  Z  and 
X.  Notice  that  exactly  half  of  the  changes  in  X  are  associated  with 
changes  in  Z  in  the  opposite  direction.  No  relation  is  apparent 
between  X  and  Z.  If  only  Y  and  Z  are  considered,  exactly  the  sane 
conclusion  is  reached.  Yet  an  examination  of  all  three  columns 
reveals  that  Y  is  always  exactly  equal  to  the  sum  of  X  and  Z.  All 
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relevant  variables  must  be  present  in  a  regression  equation  if  one  is 
to  make  sensible  judgements  about  the  Inportance  of  any  of  them. 

Another  conmom  mistake  is  to  estimate  identities  or  near- 
identities.  Total  revenue  does  depend  on  price  and  output;  it  is 
identically  equal  to  their  product .  Any  equation  with  revenue  as  a 
dependent  variable  and  price  and  quantity  as  independn^t  variables 
will  produce  a  good  fit.  If  the  logarithms  of  these  :quantlties  are 
used,  the  fit  will  be  perfect.  But  the  equation  will  have  no 
meaning  at  all  in  either  case.  If  the  same  variable  is  present  on  both 
sides  of  an  estimated  equation,  either  directly  or  irnp]xitly  via  an 
identity,  be  certain  that  there  is  a  good,  theoretically  sound  reason 
for  it  to  be  there.  It  may  be  appropriate  to  express  all  quantities 
in  a  demand  equation  in  per  capita  terms  vjhen  population  is  changing, 
but  it  will  nev  er  make  sense  to  multiply  all  variables  in  a 
demand  relation  by  the  selling  price  of  the  good  in  question. 

After  you  have  estimated  a  few  sensible  quations  in  either 
problem,  it  is  again  time  for  thought.  Are  any  of  your  origincal 
hypotheses  concerning  irrportant  variables  refuted  by  the  results 
of  estimation?  Are  any  new  hypotheses  suggested?  (Recall  the  use  of 
the  DW  statistic  as  a  signal  of  mis-specifications).  There  is  a  gre<-'t 
tenptation  to  pore  over  residuals  to  find  a  functional  form  that  fits 
the  data  slightly  better  than  the  ones  first  employed.  There  is 
nothing  fundamentally  wrong  with  this,  except  that  it  violates  the 
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Table  III.l 

Some  Illustrative  Data 

Change       Change  Change 

Year    Y    in  Y    X    in  X  Z       in  Z 

1  10           1  9 

2  15     +      7     +  8 

3  13     -      8     +  5 

h          m        +         Y        -  7              + 

5  12     -     3     -  .9        + 

6  13     +     6     +  7 

7  Ik           +             h           -  10         + 
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the  venerable  principle  of  Occam's  Razor.  Whenever  a  sinpler  equation 

performs  almost  as  well  as  a  more  complicated  one,  the  slrrpler 

foiTTi  should  be  retained.  This  means  that  variables  whose  coefficients 

are  not  significant  would  genErally  be  dropped  from  the  equation 

in  order  to  increase  the  degrees  of  freedom  available.  Bending  over 

backwards  to  get  a  slightly  better  fit  (R  )  offends  most  instructors. 

A  final  reason  for  considering  only  simple  functional  foims  is  that 

you  will  be  required  to  use  your  estimated  relationships  in 

calculations  later.  The  more  conplex  the  function  you  choose,  the  more 

laborious  will  be  your  conputations . 

Your  Reports 

In  writing  up  your  investigations  of  the  cost  and  demand 
structure,  it  is  useful  toi^call  the  scenario  sketched  out  at  the 
start  of  the  chapter.  What  would  a  good  report  look  like  in  that 
sort  of  situation?  The  answer  is  clear;  your  supervisor  would 
want  to  know  what  you  did,  why  you  did  it,  and  what  conclusions  your 
research  led  to. 

Keeping  this  in  mind,  a  good  report  should  first  discuss 
Tftriiat  economic  theory  has  to  say  about  the  form  of  the  (cost  or  demand) 
relation  being  estiinated.  On  the  basis  of  this  reasoning,  you 
should  present  and  defend  the  equations  you  estimated.  The  heart  of 
the  paper  should  consist  of  your  selection  and  defense  of  your  best 
estimate  of  the  relation  under  study.  Both  economic  and  statistical 
properties  should  be  considered. 

Finally,  the  nature  of  the  demand  or  cost  structure  you 
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estimated  should  be  discussed.  The  relevant  deinand  elasticities  should 
be  conputed,  and  their  Inplicatlons  examined  qualtltatlvely.   (Since 
these  elastlcltes  are  not  usually  constant,  use  the  average  values  of 
the  dependent  and  independent  variables  in  your  cc«Tputatlons. )  Note 
that  the  cost  data  are  short -run  figures  (no  change  in  plant) ,  so 
nothing  can  be  said  baout  returns  to  scale  in  production.  The  value 
and  behavior  of  such  things  as  marginal  cost,  average  variable  cost 
and  average  fixed  cost  should  be  discussed,  however.  In 
qualtitative  terais,  what  does  the  cost  function  look  like? 

Eipirlcal  research  in  always  judged  on  the  basis  of  the  quality 
of  the  economic  and  statistical  analysis.  Goodness  of  fit  is  a 
desirable  property  in  any  estimated jelationship,  but  it  will  not 
determine  grades  for  this  exercise. 
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CHAPTER  IV 
Ccarpetitlve  and  Monopoly  Pricing 

In  this  chapter,  we  shall  derive  and  discioss  the  conditions 
for  Gonpetitive  and  monpoly  equilibrium  in(;he  usual  timeless 
model.  The  reason  these  market  structures  can  be  handled  analytically 
is  that  there  is  a  deteimlnate  relation  between  the  Industry 
demand  curve  and  the  demand  curve  facing  each  individual  firm. 
Un-der  monpoly,  the  Industry  demand  curve  is  the  demand  curve  facing 
the  single  firTii  present.  If  the  market  is  conpetitive,  each  firm 
takes  the  going  price  as  given  beyond  its  control,  thougi  of  course 
all  firms  together  van  sell  only  as  much  as  industry  demand  permits. 
Under  oligopoly,  when  there  are  few  selers,  the  demand  curve  facing 
each  firm  depends  on  the  expectations  the  firm  has  about  its  conpetltors' 
actions  and  reactions.  In  such  a  situation,  few  neat  mathematical 
results  are  possible.  We  shall  deal  qualtltatively  with  oligopoly  in 
Chapter  VI  of  this  manual. 

Three  basic  elements  will  underly  our  analysis  in  this  section. 
First  is  the  indiastry  demand  curve,  giving  the  number  of  units  of  its 
output  that  the  industry  can  sell  at  each  and  every  price.  Whether 
the  industry  Is  conpetitive  or  monpolized,  this  function  will  give 
the  relation  between  price  and  total  industry  sales. 

TJie  second  element  is  the  set  of  cost  functions  of  the  plants 
in  the  industry.  We  shall  assume  that  each  plant  chooses  the  factors 
of  production  it  uses  to  produce  any  output  level  so  as  to  minimize  the 
total  cost  of  production.  Tnus  be  cost  curves  we  shall  analyse 
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give  the  minimum  cost  of  producing  any  output  (less  than  capacity) 
in  a  given  plant.  These  c^jrves   depend  on  the  technology  of  production 
and  conditions  of  factor  supply.  Throughout,  we  shall  assume  that  the 
opportunity  cost  of:  the  capital  embodied  in  each  plant  is  included 
in  that  plant's  fixed  cost. 

Finally,  we  assume  that  each  firm,  be  it  monopolist  or  pure 
competitor,  seeks  to  maximize  it  sproflts.  It  is  this  assunptlon 
that  gives  us  definite  results,  for  it  makes  it  possible  for  us  to 
use  the  differential  calculus  to  obtain  exact  and  (flarly)  sinply 
solutions . 

The  next  section  will  discuss  the  mathematical  techniques 
employed  in  the  remainder  of  the  chapter.  References  listed  at  the 
end  of  the  chapter  go  into  these  methods  In  more  detail;  our  purpose 
here  is  simply  to  Introduce  the  basic  tools  and  concepts.  We  then 
consider  short-run  equilibrium  in  monopoly  and  conpetltlve  situations. 
In  the  short  run,  by  assunptlon,  the  number  and  size  of  plants  in  the 
Industry  is  fixed.  The  last  part  of  this  section  analyzes  long-run 
competitive  and  monpoly  equilibria.  That  is,  we  consider  equilibrium 
conditions  when  the  number  and  size  of  plants  can  be  changed. 
Throughout,  we  assume  a  constant  technology  and  perfectly  elastic 
supplies  of  factors  of  production. 
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Baslc  Mathanatical  Techniques 

Suppose  sane  variable  y  Is  a  function  of  another  quantity  x, 
according  to  y  =  f(x).  It  Is  desired  to  choose  x  so  as  to  maximize 
y.  If  x=x*  maximizes  y,  it  will  be  the  case  that  df/dx  =  0,  where 
the:  derivative  is  evaluated  at  x=x*.  That  is,  the  vanishing  of  the 
first  derivative  is  a  necessary  condition  for  a  maximum;  any  point 
that  is  a  maximum  satisfies  it. 

This  Is  not  a  sufficient  condition,  though.  We  cannot  say 
that  any  point  that  satisfies  df/dx  =  0  maximizes  y.  If  f(x)  is 
convex  (looks  like  a  soup  bowl  right  side  up),  the  first  derivative 
will  be  zero  at  the  minimum  of  the  function.  The  function  f  (x)  must 
be  concave  (sapped  like  an  upside-down  soup  bowl)  when  the  first 
derivative  vanishes  for  a  maximum  to  be  indicated.  Also,  there 
may  be  several  points  at  which  df/dx  =  0  and  the  function  is  concave. 
Each  of  these  corresponds  to  a  local  maximum,  a  point  where  y  is 
larger  than  at  all  nearby  points.  The  largest  of  these  local  maxima 
is  the  global  maximum. 

In  the  remainder  of  this  discussion,  we  shall  present  necessary 
conditions  for  optimallty  In  seme  economically  interesting  situations. 
We  shall  assume  that  the  functlos  involved  are  shapred  so  that  (1) 
these  conditions  do  slngal  a  maxi^iium  and  (2)  there  is  a  unique  point 
satisfying  these  conditions.  That  is,  we  assume  that  the  sufficient 
conditions  for  a  global  maximum  are  satisfied.  Sufficient  conditions 
for  the  problems  we  shall  discuss  are  presented  in  the  references 
listed  at  the  end  of  this  Chapter- 

The  basic  problem  in  what  is  usually  called  marginal  analysis 
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is  of  the  follovdng  sort.  Suppose  that  a  decision-maker  has  two 
activities  under  chls  control.  Let  x  and  y  be  the  levels  at  which 
these  activities  are  to  be  carried  out.  We  denote  the  benefits 
fron  these  activities  as  B(x,y),  and  the  costs  as  C(x,y).  The 
declslonr-maker  seeks  to  maximize  (B-C) .  The  necessary  conditions 
for  a  maximum,  found  by  setting  the  first  partial  derivatives 
of  (B-C)  equal  to  zero,  are 


^B    ^C     , 

(4.1)  n  ~  ^    ^'^ 


^y   ^y 


That  is,  the  marginal  benefits  frcM  each  activity  must  equal  the 
marginal  costs  of  that  activity. 

In  the  case  of  a  firm,  x  and  y  could  be  the  outputs  of  two 
products.  Then  benefits  are  total  sales  revenue,  and  costs  are 
production  costs.  For  the  Department  of  Defense,  x  and  y  may  be 
the  numbers  of  two  kinds  of  nuclear  delivery  systens.  Costs  are 
then  procurement  and  operating  costs,  and  benefits  are  number  of  targets 
destroyed  (on  average).  It  should  be  clear  that  if  (4.1)  signals 
a  negative  value  for  x  and  y,  that  activity  should  not  be  undertaken. 
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A  sinple  exanple  will  Illustrate  the  use  of  conditions  (4.1), 

2    2 
Suppose  B(x,y)  =  4x  +  6y,  while  C(x,y)  =  x  +  y  .  Setting  the 

partial  derivatives  of  (B-C),  with  respect  to  x  and  y  equal  to 

zero  Tse  obtain 


4  -  2x  =  0       and 
6  -  2y  =  0 

Solving,  we  have  x=2  and  y  =  3.  Consideration  of  the  shape  of  the 
function  (B-C)  should  convince  you  that  it  is  Indeed  maximized  at  this 
point. 

An  interesting  special  case  of  this  problan  is  the  following. 
Suppose  there  is  only  one  output  of  interest,  x.  Benefits  are  a 
function  of  the  amount  of  x  produced.   Suppose  further  that  x  can  be 
produced  two  ways .  The  first  way  has  a  cost  function  C  ( • ) ,  and  the 
second  has  cost  function  C  ( • ) •  Let  x,  be  the  amount  of  x  produced 

the  first  way  and  let  Xp  be  the  amount  produced  the  second  way, 

1  2 
so  X  =  X,  +  Xp.  Setting  the  first  derivatives  of  B-C  -C  equal  to 

zero,  we  obtain  the  necessary  condtions. 
(4.2)   ^_B=^_ci    ^^ 

^_B  _  jC^ 
^^~^x. 
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These  equations  imply  that  the  marginal  cost  of  producing  the 

actl''/lty  must  the  same  for  all  techniques  enployed. 

This  means  for  instance,  that  a  firm  operating  several  plants  should 

operate  them  so  that  the  marginal  cost  of  production  is  equal  for 

all  plants  actually  used.  This  is  an  efflclBncy  condition  for  production, 

in  the  sense  that  no  matter  how  much  x  is  produced,  if  it  is  produced 

at  minimum  cost  the  marginal  costs  of  all  plants  or  methods  onployed 

must  be  equal  (If  sane  methods  or  plants  have  marginal  costs  that  are 

too  high  for  this  condition  to  be  met  at  a  given  output  level,  those 

methods  or  plants  should  obviously  not  be  used. ) 

So  far,  we  have  not  explicitly  considered  any  constants  on 
the  levels  of  the  activities  of  interest,  though  we  have  mentioned 
that  usually  the  activities  must  be  carried  on  at  non-negative  levels. 
Suppose  now  that  we  have  trwo  activities  x  and  y,  and  that  these  must 
be  carried  on  so  thatthe  constraint  equation  f (x,y)  =  k  is  satisfied, 
where  k  is  seme  constant.  This  constant  could  represent,  for  instance, 
the  amount  of  money  a  household  has  available  for  the  purchase  of  two 
commodities,  x  and  y.  The  constraint  equation  would  then  take 
the  form  P  x  +  P  y  =  k,  where  the  P's  are  the  prices  of  x  and  y. 

In  order  to  maximize  (B-C)  subject  to  the  constraint  equation 
i'(x,y)  =  k,  we  can  employ  a  useful  technique  developed  by  Lagrange. 
Mrite  down  the  Lagranglan  expression 
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L  =  B(x,y)  -  C(x,y)  + A [k  -  f(x,y)]. 

Notice  that  the  quantity  in  brackets  must  be  zero.  Necessary  conditions 
for  a  maximum  are  that  the  first  derivatives  of  L  with  respect  to 
X,  y,  and  the  Lagrange  multiplier,  J\     ,   be  zero.  Formally,  these  con- 
ditions are 

(4.3)   ^x  ~^x  "  ^^x  "  °' 


-iy   <^y    dy 


k  -  f(x,y)  =  0. 

These  three  quations  serve  to  deteimine  the  three  unknowns  d,  y,  and  > 
It  can  be  shown  that,  if  the  functions  involved  are  such  that  (4.3) 
does  signal  a  maximum,  7\  is  the  derivative  of  (B-C)  with  respect 
to  k.  That  is,  "h  measures  the  marginal  value  of  Increasing  k.  In 
many  economic  applications,  k  is  the  amount  of  some  fixed  resource 
available  to  the  decision-maker,  and  A then  has  the  interpretation 
of  the  marginal  value  of  that  resource.  If  there  are  two  such  resources, 
there  will  be  two  constraints,  two  multipliers,  and  so  on. 

Let  us  illustrate  the  use  of  conditions  (4.3)  by  a  slight 
extention  of  our  earlier  example.  We  wish  to  maximize 
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B(x,y)  -  C(x,y)  =  i4x  +  6y  -  x^  -  y^ 


but  now  we  cissume  that  x  and  y  must  satisfy  the  constraint  equation 

X  +  y  =  k. 
Here  the  Lagrangian  is 

2    2 
L=4x  +  6y-x  -y  +"A[k-x-y], 

Diffej'entiating,  we  find  the  three  equations  corresponding  to 
conditions  (^-3)  to  be 

h  -  2x  -  >\   =0 

6  -  2y  -  ^  =  0 

k  -  X  -  y   =0 

For  k=l,  the  solution  to  this  system  of  three  equations  in 
three  unknowns  is  easily  seen  to  be  x  =  0,  y  =  1,  and  ?\  -  k.     If  the 
constant  "k"  were  the  available  input  of  seme  resource  costing 
$3.50  a  units,  and  if  the  maximand  were  dollar  profit,  the  value  of 
7)   indicates  that  a  small  additional  purchase  of  the  resource  in  question 
would  be  worthwhile.  For  k  =  2,  the  solution  to  the  three  equations 
above  is  x  =  1/2,  y  =  3/2  and  >.  =  3-  At  this  point,  additional 
purchases  at  a  price  of  $3-50  would  not  be  profitable. 
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Suppose  that  k  were  equal  to  ten.  We  showed  above 
that  the  unconstrained  maximum  of  (B-C)  occurred  at  x=2,  y=3. 
If  k  represents  the  available  quantity  of  a  scarce  resource,  the 
decision-maker  will  never  use  more  than  five  units  unless  he  is 
forced  to.  This  leads  to  consideration  of  a  more  general  problem, 
where  the  caistraints  take  the  form  of  inequalities  rather  than 
equalities . 

Consider  maximizing  (B-C)  subject  to  the  constraint  inequality 
f(x,y)  —  k.  If  the  constraint  involves  a  scarce  resource,  this  inequality 
says  that  the  decision-maker  may  employ  up  to  k  units  of  the  resource, 
but  he  need  not  use  all  k  units  available.  For  exanple,  k  might 
be  the  niastimum  possible  output  of  a  plant.  Problems  of  this  sort  may 
be  solved  by  using  the  Kuhn-Tucker  Theorem.  To  aiploy  this  technique 
we  proceed  as  above  to  form  the  Lagrangian.  Then  differentiate,  as 
before,  to  obtain  the  first  two  of  conditions  (^.3).  Those  two  equations 
are  necessary  conditions  for  this  more  general  problan.  The  Kuhn-Tucker 
Theorem  then  says  that  one  and  only  one  of  the  following  coditlons  must 
hold. 

(a)  f  (x,y)  <  k  ,   and  >i  =  0 

(b)  f(x,yj=  k     and  >  >  0 

In  case  (a),  the  constraint  is  said  to  be  not  binding, 
and  the  marginal  value  of  the  fixed  resource  in  question  is  zero. 
It  would  not  pay  the  deGisionnnaker  to  purchase  additional  uni's 
of  the  resource,  since  he  maximizes  (B-C)  without  using  the  full 
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amount  already  available.  In  case  (b),  the  constraint  is  said  to 
be  binding.  Additional  units  of  the  fixed  resource  do  have 
positive  value.  (Whether  this  value  is  greater  than  the  cost  of 
the  resource  is,  of  course,  another  question.)  In  any  particular 
problem,  the  solution  vail  be  either  of  form  (a)  or  fona  (b).  It  is 
possible  in  theory  to  have  f (x,y)  =  k  and  ?i  =  0,  but  this  almost 
never  happens  in  practice.  In  the  numerical  exaxnple 
discussed  above,  if  the  constraint  is  x  +  y  =  k,  case(a'')  can  easily 
be  seen  to  apply  whenever  k  is  greater  than  five.  Only  for  k  =  5  do 
we  have  A  =  0  and  x+y  =  k. 

In  simple  situations  trial  and  error  may  be  enployed  to  find 
the  solution.  Assume  that  case  (a)  obtains  and  solve  for  x  and  y  with 
)\=  0.  If  the  constraint  is  satisfied,  the  problan  is  solved.  If  not, 
assume  that  case  (b)  holds  and  find  a  solution  in  which  f (x,y)  =  k. 
With  one  or  two  constraints,"  the  trial  and  eror  process  is  not 

difficult . 

N 
When  there  are  N  constraints,  there  are  2  possible  cases  to 

be  considered,  and  when  N  is  larger  than  two  or  three, 

the  Q^nputation  involved  in  trial  and  error  becomes  altogether 

too  involved.  In  such  cases,  the  techniques  of  mathematical  programming 

are  employed.  These  methods  make  possible  the  solution  of  corplex 

problems  of  this  sort  without  resort  to  trial  and  error.  The  simplex 

method  for  linear  programming  is  the  best-known  procedure;  it  is 

used  when  the  functions  B  and  C  and  all  the  constraint  inequalities 

are  linear  function  of  the  activity  levels. 


-  57  - 

This  short?  section  has  presented  a  lot  of  material 
superficially.  For  ou^urposes  here  and  in  the  next  chapter,  this 
is  hopefiaiy  adequate.  The  references  at the  end  of  the  chapter 
cover  these  topics  in  more  depth;  the  interested  (or  confused) 
student  should  examine  them. 

Short-run  Equilibrium 

All  students  of  economics  know  -  or  should  know  -  that 
a  carpetitive  firm  sets  price  equal  to  marginal  cost,  while  a 
monpollst  sets  marginal  revenue  equal  to  marginal  cost.  In  the 
short  run,  if  a  competitive  industry  and  a  monpollst  have  the 
same  plants  available,  the  monopolist  will  produce  less  and  earn 
larger  profits  than  the  competitive  industry.  The  community  is 
generally  better  off  under  canpeititbn.  All  this  is  cov  ered  in 
standard  economics  texts. 

In  this  section,  we  shall  apply  the  mathematical 
tools  just  presented  to  the  problem  of  ccnpetltive  and  monopoly 
pricing.  Our  aim  is  to  develop  the  methods  needed  to  solve  the 
forecasting  problems  of  the  next  chapter.  Accordingly,  we  shall  make 
seme  simplifying  assumptions.  First,  we  assume  that  the  prices 
of  the  factors  of  production  used  by  the  industry  do  not  depend 
on  the  industry's  output.  This  is  the  assunption  of  perfectly  ccm- 
petitive  factor  markets.  We  suppose  the  industry  considered  to  be 
only  a  small  purchaser  (relative  to  the  market)  fo  the  factors  of 
production  it  uses. 
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Secondly,  we  assume  that  the  industry  is  conposed 
of  N  Identical  plants.  With  no  changes  in  technology,  this  is 
a  reasonable  assumption.  If  there  is  a  best  sort  of  plant,  all 
plants  built  will  be  of  this  type.  If  there  is  no  best  plant, 
all  plants  will  be  identical  by  definition.  The  term  "plant" 
must  be  interpreted  broadly  in  this  context;  an  optimal 
"plant"  may  consist  of  one  machine,  one  man,  and  one  hundred  square 
feet  of  floor  space  with  a  roof  over  it.  Then  a  plant  in  the 
usual  sense  will  consist  of  a  number  of  these  plants  at  the 
same  location. 

Let  q  be  the  output  of  a  typical  plant,  and  write  the  cost 
function  of  a  typical  plant  as  C(q).  We  denote  the  short-run  marginal 
cost  of  production  in  the  typical  plant  as  MC(q).  :^  definition, 
MC(q)  =  dC/dq.  We  assume  that  no  plant  can  produce  more  than  k 
units  of  output  in  any  period.  We  shall  refer  to  k  as  capacity  output. 
(If  there  is  nc^pper  limit  on  output  on  the  short  run,  k  can  be  made 
very  large  so  that  the  capacity  constraint  is  not  binding . ) 

We  shall  denotethe  indijistry's  total  demand  by  Q  and  the  price 
at  which  these  sales  are  made  by  P.  These  two  quantities  are 
connected  by  the  industry  demand  relation  P  =  P(Q).  We  shall  first 
examine  short-run  conpetitive  equilibrium  under  these  assumptions. 
The  remainder  of  this  section  considers  the  equilibrium  of  a  monopolist. 

As  long  as  there  are  a  large  number  of  firms  and  the  market 
is  perfectly  competitive,  it  does  not  really  matter  how  many  plants 
each  firm  owns.  Each  plant  will  be  operated  so  as  to  maximize  the 
profit  it  earns,  on  the  assumption  that  the  firm's  activities  will 
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not  alter  the  market  price.  Thus  each  plant  in  the  industry  will 
be  operated  so  as  to  maximize 

(4.4)  P  q  -  C(q), 

where  P  is  treated  as  a  parameter  beyond  the  control  of  the  flnn. 
The  quantity  (4.4)  must  be  maximized  subject  to  the  constraint  q  £  k. 

Let  us  first  solve  the  problem  algebraically;  we  shall 
then  examine  the  geometric  interpretation  of  the  solution.  As  in  the 
last  section,  we  form  the  relevant  Lagrangian: 

(4.5)  L  =  P  q  -  C(q)  +  >^[k  -  q]. 

Frcm  our  discussion  in  the  last  section,  the  first  necessary  condition 
for  maximum  profits  is  found  by  differentiating  the  Lagrangian 
with  respect  to  q,  treating  P  as  a  constant.  Using  the  Kuhn-Tucker 
Theorem,  the  set  of  necessary  conditions  is 

P  -  MC(q)  -  >i  =  0  and  either 

(4.6)  (a)  q  =  kand?k>0,   or 
(b)  q  c  k  and  >■  =  0. 

For  a  given  value  of  P,  we  can  solve  these  conditions  for  the 
output  of  a  typical  plant.  Note  that  P  will  equal  MC  unless  P  Is 
greater  than  MC(k),  marginal  cost  at  capacity  output.  For  prices 
greater  than  this  value,  all  plants  in  a  conpetitive  industry  will 
produce  capacity  output.  The  multiplier  7\  measures  the  amount  by 
which  profits  would  rise  if  k  ^rere  increased.  If  q  is  less  than  k,  it 
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is  clear  that  >\  should  be  zero. 

Now  that  we  know  how  firms'  supplies  will  vary  with  market 
price,  it  is  a  rather  slnple  matter  to  deterrriine  industry  equilibrium. 
Suppose  that  we  have  solved  conditions  (4.6)  for  q  as  a  function 
of  P.  CAll  this  function  q^(P);  this  is  the  short-run  simply  curve  of 
a  typical  plant.  Then  Nq^(.P)  is  the  industry's  short  run  supply 
schedule.  Solving  the  demand  function  for  Q,  we  can  write  it  as 
Q  =  Q  (P) .  In  equilibrium,  supply  equals  demand,  so  we  have 

(iJ.7)   Nq^P)  =  Q^(P). 

This  equation  can  be  solved  for  P,  since  N  is  given.  ONce  P  is 
known,  Q  and  q(=Q/l4)  can  be  calculated  from  the  demand  schedule. 

The  steps  in  this  solution  are  really  quite  sinple.  First 
we  found  out  how  much  the  typical  prfit  maxinizing  plant  would 
supply  at  each  price.  We  then  multiplied  by  N  to  obtain  the 
industry's  supply  as  a  function  of  price.  Finally,  the  intersection 
of  this  function  with  the  industry  demand  curve  was  used  to  determine 
equilibrium  price  and  output. 

We  can  further  clarify  the  nature  of  the  ^uilibrium  by 
considering  Figure  IV. 1.  This  graph  refers  to  a  single  plant,  where 
we  define  q  (P)  =  Q  (P)/N.  This  curve  shows  how  much  each  plant 
would  sell  if  all  plants  charged  the  same  price.   (Recall  the  demand 
function  you  estimated  in  the  last  chapter) .  It  is  not  the 
danand  curve  facing  each  plant,  since  each  plant  is  too  small  to 
in  any  way  affect  the  price  charged  by  its  cornpetitors .  But  q  must  equal 
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Figiire  IV.  1 
Short-Run  Competitive  Equilibrium 


q^(P) 


MC(q) 
/ 


MC(k)  -  _  _  _ 


MC(0) 
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3 

q  in  equilibrium;  Supply  must  equal  danand,  and  the  market  must 


clear. 


Suppose  that  the  Industry  demand  function  and  the  number 


of  firms  are  such  that  q,.  (P)  applies.  At  equilibrium, price  is  equal 
to  marginal  cost,  and  output  is  below  capacity.  Were  demand  to  shift 
up  to  q  (P)bj  price  could  not  equal  marginal  cost.  The  two  curves 
intersect  only  for  an  output  above  capacity.  Clearly  a  rational  firm 
will  produce  all  it  can,  k,  and  the  market  price  will  settle  at  P^ 
In  the  first  of  these  cases,  the  multiplier  will  be  zero,  while 
with  a  larger  demand  and  capacity  output  being  produced,  the  multiplier 
will  be  positive.  Since  price  Is  above  marginal  cost,  another  unit 
of  capacity  would  be  profitable  for  each  firm  individually,  though 
the  industry  as  a  whole  might  lose  profits  if  more  capacity  were 
purchased. 

The  method  of  analysis  used  when  the  industry  is  monopolized 
are  the  same  as  those  oiployed  above,  with  one  large  difference.  The 
monopolist  is  correctly  aware  that  his  production  decision  will  fix 
market  price.  He  is  still  interested  in  maximizing  the  difference 
between  revenue  and  cost,  but  he  will  treat  mabket  price  not  as  a 
parameter,  but  as  a  variable  which  he  determines. 

As  immediately  above,  there  are  N  identical  plants  in  the 
industry.  But  now  they  are  under  the  control  of  a  single  firm.  Since 
the  plants  are  idBntical,  they  will  each  produce  the  same  amount  under 
any  rational  plan.  Thus  q  =  Q/N  here  as  under  conpeition.   (If  the 
plants  were  not  identical,  cost-minimizing  production  would  require 
that  all  plants  in  operation  have  the  same  marginal  cost;  see  the 
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last  section.) 

Using  the  same  notation  as  above  the  monopolist  Is  trying 
to  maximize 

(•iJ.8)   P(Q)  Q  -  N  CiQAi), 

subject  to  the  constraint  Q/N^  k.  The  relevant  Lagrangian  is 

(H.7)       L  =  P(Q)  Q  -  N  C(QA)  +  >\[k  -  Q/N]. 

Since  N  is  fixed  in  the  shortjnjn,  the  necessary  conditions 
become  simply: 

[P  +  Q  dP/dQ]  -  MC(Q/N)  -  7\/N  =  0,  and  either 

(4.8)   (a)  QAI  =  k  and  >>0,  or 
(b)  Q/N<k  and  ^=  0. 

The  quantity  in  brackets  in  the  first  of  these  ccaidltions  is 
simply  the  derivative  of  total  revenue  vath  respect  to  output,  the 
morpolist's  marginal  revenue.  Since  it  varies  along  the  demand 
curve,  marginal  revenue  is  clearly  a  function  of  output,  Q. 

To  clarify  our  formulae,  we  define 

MR  (Q)  =  P(Q)  +  Q  dP  (Q)/dQ. 
Then  the  first  of  conditions  (4.8)  becomes. 
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(h.9)     MR(Q)  -  MC(Q/N)  -T^Ai   =  0. 

Conditions  (^.8)  state  that  marginal  revenue  must  equal  marginal 
cost  if  plants  are  not  producing  capacity  output.  If  capacity  output 
is  produced,  it  must  be  the  case  that  marginal  revenue  is  above  marginal 
cost.  Notice  that  if  "marginal  revenue"  is  replaced  by  "price" in  the 
last  two  sentences,  they  become  the  conditions  for  a  conpetitive 
equilibrium.  But  the  difference  is  clear;  marginal  revenue  vd.ll  be 
less  than  price  at  all  output  levels,  so  price  will  always  be  above 
marginal  cost  for  the  monopolist.  Since  marginal  cost  is  always 
positive,  marginal  revenue  must  also  be  positive  at  equilibrium.  It 
is  easy  to  show  that  this  means  that  demand  must  be  elastic  at 
monopoly  equilibriuip.  It  shoauld  also  be  noted  that  a  monopolist's 
production  decision  depends  not  only  on  price,  but  also  on  the 
rate  of  change  caprice  with  respect  to  output,  dP/dQ.  Thus  a  mono- 
polist has  no  supply  curve;  the  quantity  he  will  supply  to  the  market 
depencfeon  the  whole  demand  curve,  and  it  is  uniquely  deteraiined  by  the 
shape  and  level  of  that  curve. 

In  any  particular  problon,  the  path  from  conditions  (4.8) 
to  a  solution  is  rather  short.  One  first  seeks  a  solution 
of  (4.9)  with  7n  =  0.  IF  this  solution  satisfies  Q/N<k,  plant  and 
firm  output  have  been  found.  IP  not,  it  must  be  the  case  that  Q/N  =  k. 
Once  output  has  been  determined,  the  industry's  demand  function  will 
yield  the  price  at  which  this  output  can  be  sold. 

As  we  did  in  the  competitive  case,  we  now  proceed  to  present 
the  solution  for  a  typical  plant  graphically.  For  a  fixed  number 
of  plants,  we  can  write  mnrginal  revenue  as  MR(Nq),  where,  as  before. 
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q  Is  the  output  of  a  typical  plant.  We  shail  write  the  demand 
relation <ts  P  =  P(Nq).  Solving  this  for  q,  we  would  obtain 
q  =  q  (P),  the  function  we  discussed  in  the  competitive  case. 

Consider  now  Figure  IV.  2.  The  cost  structure  for  a  typical 
plant  is  represented  by  the  curve  giving  short -run  marginal 
cost  as  a  function  of  output.  If  the  demand  structure  is  such  that 
P(Nq)„  applies,  the  solution  is  the  usual  textbook  sort.  Each  plant 
will  produce  q.,  the  firm  will  produce  Nq. ,  and  price  will  be  P.. 
Marginal  cost  is  equal  to  marginal  revenue.  Under  demand  regime 
B,  marginal  revenue  is  above  marginal  cost,  and  all  plants  are 
producing  capacity  output. 
Long-Run  Equilibrium 

In  the  long  2?un,  both  the  kind  and  number  of  plants  in  an 
industry  can  change  .  Were  we  to  simply  add  more  variables  and  functions 
and  mechanically  proceed  to  derive  necessary  conditions,  it  is  almost 
certain  that  the  results  would  convey  no  insights  at  all.  We  must  make 
seme  additional  assuraptlonsin  order  to  obtain  useable  results. 

First  we  shall  strengthen  the  assumption  of  identical  plants. 
We  now  assume  that  any  new  plant  built  must  be  identical  to  the 
plants  presently  operating.  Further,  we  assume  that  there  are  no 
econcmies  or  diseconcmies  of  multi-plant  operations.  We  can  thus 
write  the  cost  of  efficiently  producing  an  output  Q  in  N  plants  as 
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Figure  IV. 2 

Short-Run  Monopoly  Equilibrium 
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N  C  (Q/N), 
as  In  the  last  section.  The  function  C(f)  is  the  same  one  arployed 
in  the  short-run  case,  but  now  N  may  vary. 

The  long-run  equilibrium  condition  for  a  monopolist  is  the 
same  as  the  short-run  condition.  The  firm  will  maximize  its  profits. 
In  the. long  run,  though,  the  number  of  plants  operated  is 
under  its  control.  Firms  in  a  ccrapetitive  industry  will  also  try  to 
maximize  profits  in'&ie  long  run  as  in  the  short  run.  But  we  shall 
assume  totally  free  entry  into  and  exit  from  the  conpetitive  industry. 
This  means  that  the  profits  earned  by  each  plant,  though  they  are 
being  maximized,  but  he   zero  in  long-run  equilibrium.  Postlve  profits 
will  attract  new  firms;  losses  wlllfbrc^  seme  firms  to  leave  the 
Industry.  (As  usual,  by  profits  we  mean  earnings  in  excess  of  opportunity 
costO 

The  short*-run  equilibria  derived  in  the  last  section  were 
characterized  by  the  relations  between  price  and  marginal  cost  and 

between  marginal  revenue  and  marginal  cost. 
There  we  were  considering  short-run  marginal  cost,  the  incremental  cost 
of  increasing  output  from  a  given  plant.  Here  one  might  expect  to 
encounter  equations  relating  long-run  marginal  cost  to  price  and  to 
marginal  revenue.  Long-run  marginal  cost  should  be  the  incremental 
cost  of  adding  to  output  when  t]ie  possibility  of  varying  N  is  taken 
into  account.   This  discussion  turns  out  to  be  substantially 
correct,  as  we  shall  see  shortly.  The  algebra  Involved  in  the  solutions 
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vd.ll  enable  us  to  get  a  better  idea  of  vihat   long-run  marginal  cost 
is. 

Since  there  is  only  one  equilibrium  condition  (maximum 
profits)  to  worry  about  in  the  case  of  monopoly,  we  shall  consider 
that  situation  first.  We  shall  begin  by  treating  the  number  of  plants, 
N,  as  a  continuous  variable.  Later  we  shall  deal  with  th?  case 
where  N  must  be  an  integer.  Given  the  capacity  constraint,  the  Lagrangian 
for  this  problem  is: 

(4.10)  L  =  P(Q)  Q  -  N  C(Q/N)  +  >^  [k  -  Q/^]. 

Differentiating  with  respect  to  Q  with  respect  to  N,  we  ha-\Bthe  necessary 
conditions  for  a  maximum: 

MR(Q)  -  MC(Q/N)  -  AA  =  0, 
(4.11)   -  C(Q/N)  +  (QAJ)  MC(QA)  +  (^/N)(Q/^)  =  0  and  either 

(a)  Q/N<k  and  >  =  0,  or 

(b)  QAI  =  k  and  A>  0. 

Consider     case  (a)  first.  Write  q  =  Q/N.  Then  the 
second  of  conditions  (4.11)  becomes 

(4.12)  C(q)/q  =  MC(q). 
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That  is,  marginal  cost  must  equal  average  cost  If  all 
plants  are  operated  below  capacity.  It  Is  well-known  (and  easy  to 
show)  that  when  marginal  cost  equals  average  cost,  average  cost  is  at 
its  minimum  point.  Thus,  v^ere  the  typical  plant  has  minimum  average 
cost  occuring  at  a  level  of  output  below  capacity. ,  each  plant  will 
be  operated  at  that  level  of  output.  This  short  of  cost  structure 
is  illustrated  by  Figure  IV. 3 (a).  The  minimum  value  of  average 
total  cost  is  labeled  long-run  marginal  cost,  LRMC,  since  it 
represents  the  total  cost  (including  the  cost  of  capacity)  of 
producing  an  additional  unit  of  output  as  cheaply  as  possible. 
In  long-run  equilibrium,  each  of  the  monopolist's  plants  will  produce 
an  output  q*. 

If  average  cost  is  above  marginal  cost  at  all  output  levels, 
and  average  cost  Is  falling  (the  usual  case),  equation  (4.12)  will 
not  be  satisfied  for  any  level  of  output  below  capacity.  We  then 
have  caee  (b),  depicted  in  Figure  IV. 3(b).  All  the  monopolist's 
plants  will  be  operated  at  full  capacity  in  equii]ibrium  . 

We  have  used  the  second  and  third  of  conditions  (4.11)  to 
find  th  output  per  plant  in  long-run  equilibrium.  We  now  bring  in  the 
first  condition  to  obtain  the  optimal  number  of  plants  -  and  thus 
total  firm  output.  Solve  the  second  condition  for  /)/M  and  substitute 
into  the  first.  This  yields: 

MR(Q)  =  C(Q/N)/(Q/^). 
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Figure  IV. 3 
Long-Rvin  Marginal  Cost 
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(b)  mlnlmoim  average  total  cost  occurs  at  q* 
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Since  we  know  that  each  plant  will  be  operated  at  the  output  level 
q*  that  minimizes  average  total  cost,  this  equation  ma^^  be  re-written 
as 

MR(Nq*)  =  C(q*)/q*, 

which  may  be  solved  for  N.  Price  Is  then  obtained  by  substituting  output^ 
Nq*,  into  the  doiiand  function,  and  the  conplete  solution  has  been 
found. 

This  final., step  is  illustrated  by  Figure  IV.  ^1  There  Qj^  is  the 
monopolists  output,  and  P^  is  his  price.  Division  of  Pj^  by  q*  ^11 
yield  the  optimal  number  of  plants. 

Notice  that  in  btoh  cases  (a)  and  (b)  all  output  has  been 
produced  by  running  each  plant  at  Its  most  efficient  level.  We 
divided  the  solution  into  two  parts:  finding  that  level  and  computing 
the  optimal  number  of  plants.  If  N  is  continuous,  the  long  run 
marginal  cost  of  the  monopolist  is  constant  and  equal  to  the 
minirm£n  value  _of  _averag;e  cpst  fey  the  typical  plant^  _Settlng_  long- 
run  marginal  cost  equal  to  marginal  revenue  yields  the  optimal  quantity 
and  the  optimal  number  of  plants. 

When  N  must  be  an  integer,  one  more  step  must  be  perfomied. 
Suppose  the  above  analysis  gives  N  as  79- 3^-  Then,  in  almost  all  cases, 
the  optimal  number  of  plants  will  be  either  79  or  80.  The  procedure 
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Figure   IV. 4 
Lonp;-RTjin  Equilibria 
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at  this  point  is  to  assume  N  =  79  and  solve  the  short-run 
problem,  do  the  same  for  N  =  8o  ,  and  choose  that  N  for  Which 
profit  is  larger.  Unless  N  is  quite  small,  this  method  vd.ll 
yeidlthe  right  answer. 

Let  us  now  turn  to  the  corpetitive  situation.  It  is  sinplest 
here  to  work  with  a  single  plant  and  to  use  q  =  Q/N(=  the  output 
of  the  plant)  as  our  main  variable.  The  plant  owner  or  manager  will 
maximize  his  profits;  his  Lagrangian  is 

(iJ.13)   L=P  q  -  C(q)  +  >[k  -  q]. 

Since  P  is  beyond  the  control  of  any  single  firm,  the  necessary  conditions 
for  a  maximum  are 

P(Nq)  -  Me(q)  -  7\=  0  and  either 

(^•1^)     (a)     q<kand?\=Oor 

(b)     q  =  k  and  >\  >  0. 

We  have  written  P  as  a  function  of  Q,  since  supply  must  equal  dsnand 
in  equilibrium. 
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Given  either  q  or  N,  conditions  (^4.14)  will  determine  the 
other  quantity.  We  clearly  need  one  more  equation, and  that  is 
pirovided  by  the  condition  that  in  equilibrium  profits  (in  excess 
of  opportunity  cost)  must  be  zero.  This  condition  Is 

(ij.lS)   P(Nq)  q  -  C(q)  =  0, 

our  additloial  equation. 

We  could  simply  solve  these  equations  on  the  assumption  that 
case  (b)  held.  IF  this  assunptlon  is  verified,  we  have  a  solution. 
If  not,  case  (a)  must  hold,  and  the  resultant  equations  can  then 
be  mechanically  solved.  But  there  is  a  way  of  looking  at  these 
conditions  that  yields  a  bit  moi^  insight. 

Suppose  case  (b)  applies.  Then  we  have 

PMC(q)  =  C(q)/q. 

That  is,  marginal  cost  equals  average  cost,  and  average  cost  must 

be,  as  we  noted  above,  at  its  minimum  point.  If  this  equation 

does  not  hold  for  any  q  less  than  k,  average  cost  must  reach  its  minimum 

at  capacity  output,  and  case  (b)  will  apply.  What  we  have  found  is, 

perhaps  not  too  surprisingly,  jut  what  we  found  for  the  monopoly 

case:  Industry  output  will  be  produced  by  operating  each  plant  irtthe 

industry  at  the  point  where  average  total  cost  is  minimized. 
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The  long-run  supply  curve  of  the  Industry  is  flat  when  N  Is  continuous, 
and  It  is  equal  to  the  miniinum  value  of  average  total  cost.  Industry- 
output  is  determined  by  setting  long-run  supply  equal  to  demand.  As 
in  the  monpoly  case,  output  per  plant  is  determined  only  by  cost  condi- 
tions, and  the  number  of  plants  is  determined  by  demand  conditioris. 

Thus  Figure  IV. 3  applies  to  both  monopoly  and  conpetition. 
In  both  cases  illustrated  there,  a  coirpetitive  industry  will  have 
all  plants  operating  at  q  =  q*  in  long-run  equilibrium.  The  long-run 
marginal  cost  is  to  be  understood  as  the  industry ' s  long-run  marginal 
cost;  the  industry  supply  curve  will  be  horizontal  Et  this  value. 
Figure  IV. k   illustrates  the  determination  of  the  number  of  plants. 
When  the  value  of  LRMC  is  substituted  into  the  industry's  demand 
equation,  coirpetitive  output,  Q„  is  determined.  Division  of  Qp  by  q* 
yields  the  equilibrium  number  of  plants,  N.  Figure  IV. 4  illustrates 
the  fact  that  the  monopoly  will  produce  less  than  the  competitive 
industry,  even  in  the  long  run,  and  charge  a  hi^er  price  for  its 
output . 

Division  of  Qp  by  q*  will  usually  not  yield  an  integer. 
If  the  number  of  plants  must  be  an  integer,  the  proceedure  is 
quite  sinple.  If  the  analysis  above  yields  N=34.8,  this  means  that 
3^  plants  would  each  make  a  small  profit,  but  35  plants  would  lose 
money.  Then  the  industry  is  in  equilibrium  with  3^  plants  present, 
as  there  is  then  no  incentive  to  enter  or  leave  the  industry. 
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It  must  be  enphaslzed  that  the  nature  of  our  long-run 
solutions  depends  rather  heavily  upon  our  assunptions .  The  most 
critical  of  these  Is  that  a  monopolist  owning  N  plants  does  not  Incur 
any  additional  costs  or  realize  any  cost  savings  because  he 
operates  more  than  one  plant.  (By  way  of  contrast j  the  assunptlon  that 
there  exists  an  optimal  plant  Is  not  overly  Important,  since 
If  there  does  not  exist  an  optimal  plant ,  N  need  not  be  integer) . 
The  analytical  devices  we  have  anployed  can  be  applied  to  more 
ccraplex  situations,  however,  and  if  the  reader  has  gained  some 
insight  into  their  use,  this  chapter  has  been  successful. 
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The  economic  concepts  explored  in  this  chapter  are  really  fairly  ele- 
mentary; virtually  all  intermediate  level  price  theory  texts 
develop  them  fully. 
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CHAPTER  V 
The  Forecasting  Problems 

Let  us  extend  the  scenario  outlined  at  the  start  of 
Chapter  III.  Your  Industry  was  characterized  by  very  low  seller 
concentration  in  the  past.  Each  plant  was  and  Is  owned  by  a  sep- 
arate firm.  Collusion  to  fix  price  and  output  Is  Illegal,  and  there 
Is  not  even  a  very  effective  trade  association.  The  government  Is 
going  to  .remove  Its  controls  from  this  market,  and  part  of  your 
job  is  to  forecast  what  will  happen  if  the  industry  ranains  conpetltive. 

There  is  a  small  chance  that  the  plants  currently  in  the 
industry  will  be  purchased  by  a  single  firm  before  the 
government  controls  are  removed.  Your  employer  -  who  is  considering 
buying  the  existing  capacity  or  sueing  the  firm  that  does  buy  it 
depending  on  your  taste  -  is  quite  interested  in  what  will  happen 
under  this  circumstance.  You  as  a  citizen  are  interested  in  the  loss 
society  would  suffer  if  a  monpoly  were  formed. 

The  next  section  will  describe  both  the  data  you  will  have 
available  to  perform  these  analyses  and  the  methods  to  be  used. 
We  then  discuss  the  problons  in  some  detail.  The  chapter  concludes 
with  a  brief  examination  of  the  sort  of  report  that  should  be  written 
about  your  work. 
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Data  and  Methods 

In  the  second  of  the  exercises  described  in  Chapter  III,  you 
estimated  the  cost  function  of  a  typical  plant.  Total  cost  depended  on 
output,  factor  prices,  and  perhaps  other  variables.  The  values  of  all 
variables  exogenous  to  the  Industry  vdll  be  given  for  this  exercles,  so 
It  should  be  quite  simple  to  convert  your  estimate  Into  a  function 
for  total  cost  that  depends  only  on  output.  This  cost  function  applies 
to  each  ^ant  In  the  Indi^try ,  regardless  of  the  number  of  plants  present .  In  the 
notation  of  the  previous  chapter,  you  should  be  able  to  convert  your  cost 
estimate  Into  C(q). 

You  will  also  be  given  the  values  for  all  exogenous  variables  that 
appear  in  your  estimated  demand  equation.  Substituting  these  in,  you  should 
obtain  q  =  q'^(P),  in  the  notation  o-f  the  last  chapter.  You  vdll  be  told 
the  number  of  plants,  N„,  historically  and  currently  present  in  the 
Industi^.  Then  your  estimate  of  the  industry  demand  curve  should  be 

Q  =  Nq  q^(P). 

This  function  describes  the  demand  for  the  industry's  output  regardless 
of  how  that  output  Is  produced. 

Thus  the  values  of  the  exogenous  variables  appearing  in  your 
doTiand  and  cost  estimates  plus  the  value  cf  N^^  should  enable  you  to 
obtain  the  functions  used  in  the  last  chapter's  analysis.  The  tools 
and  methods  developed  there  can  be  directly  applied  to  the  problems 
discussed  below. 

Most  of  these  problems  involve  the  solution  of  simultaneous 
equations.  If  you  have  estimated  slnple  cost  and  demand  curves,  this 
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should  be  no  great  chore.  In  many  cases  ,  the  function  that  provides 
the  best  fit  to  the  data  Is  a  good  deal  more  conplex  than  another 
equation  which  fits  almost  as  well.  Wiere  the  simpler  function  makes 
the  algebra  easier,  use  It.  If  analytical  solution  Is  difficult  for 
all  sensible  demand  and  cost  functions  available,  you  ml^t  Investigate 
the  possibility  of  using  one  of  the  standard iScmputer  programs 
for  the  solution  of  sets  of  non- linear  equations.  When  such  methods  are 
not  available,  well-drawn  graphical  solutions  are  acceptable.  Seme 
instructors  give  credit  on  some  problems  if  theoquations  to  be  solved 
or  the  computations  to  be  performed  are  clearly  presented,  as  it  may  be 
difficult  to  obtain  numerical  answers. 

The  Problems 

Your  first  problem  is  to  forecast  the  short-run  equilibrium 
market  price  and  the  corresponding  output (total  and  per 

plant)  in  your  industry,  given  the  values  taken  on  by  the  exogenous  variables. 
(Remember  that  each  plant  can  produce  a  maximum  of  100,000  units.)  Then  evaluate  the 
profits  earned  by  each  plant  and  deduce  whether  or  not  the  ccmpetitlve 
industry  would  be  in  long-run  equilibrium  under  these  conditions. 

If  the  Industry  is  not  in  long-run  equilibrium,  would  you 
expect  firais  to  enter  or  leave  it?  You  should  coipute  the  long-run 
equilibrium  number  of  plants  in  the  industry.  (Note  that  the  industry 
is  in  equilibrium  with  N  plants  if  that  number  can  earn  a  small  excess 
profit  but  N  +  1  plants  would  suffer  losses.)  What  are  the  equilibrium 
values  of  price  and  output? 
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Now  suppose  that  all  of  the  plants  are  now  owned  by  a  single 
firm.  Forecast  the  price  that  this  monpollst  will  charge  in  the  short  run  and 
the  among  he  will  produce  ±n  an  average  plant.  Evaluate  total  profits 
and  profits  per  pint. 

You  should  consider  whether  the  monopolist  is  in  long-run  equili- 
brium. Would  he  make  more  money  with  more  or  fewer  plants?  If  the  mono- 
polist is  not  in  long-run  equilibrium,  calculate  the  number  of  plants 
that  would  be  present  in  long-run  equilibrium.  Conpute  the  long-run  equilibrium 
price,  profit  and  output  of  a  monpollst.  Total  profit  and  output,  as  well 
as  profit  and  output  per  plant,  are  of  interest. 

Two  additional  problems  may  be  solved  for  extra  credit.  There 
is  seme  risk  associated  with  the  monopolist's  profits,  as  both  demand 
and  cost  curves  are  subject  to  random  shocks  (error  terms).  The  standard 
deviation  of  these  variables  are  estimated  by  the  standard  errors  of  your 
estimated  cost  and  demand  equations.  Can  you  estimate  the  variance  of 
profit  per  plant  in  the  case  of  short -run  monopoly  equilibrium? 

In  both  short-run  and  long-run  equilibrium,  you  should  find 
thd:the  monopolist  will  earn  larger  profits  than  a  competitive  "industry. 
If  the  only  effect  of  monopoly  were  to  transfer  resources  from  consumers 
to  the  monopolist,  the  case  against  monopoly  would  have  to  rest  entirely 
on  its  effects  on  the  distribution  of  income.  Most" price  theory  texts 
make  it  clear,  though,  thatbesides  affecting  the  distribution  of  income, 
monopoly  imposes  a  net  loss  on  society  -  even  when  the  monopolist  is 
included  in  society.  No  system  of  unregulated  markets  can  function 
efficiently  is  monopoly  is  present. 
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The  proof  of  the  proposition  just  stated  can  be  carried  out 
under  very  weaik  assunptions.  If  one  wants  to  obtain  a  quantitative 
measure  of  welfare  loss,  however,  quite  strong  assunptions  must  generally 
be  made .  Suppose  that  for  all  consumers  both  the  income  elasticity  of  demand  for 
a  particular  good  and  the  fraction  of  income  spent  on  that  good  are  small 
Then  if  the  i   consumer  purchases  a  quantity  q"""  at  a  price  P,  the 
area  under  his  demand  curve  from  the  q=0  axis  to  q=q  can  serve  as  an 
approximate  dollar  measure  of  the  addition  to  his  total  utility  from 
consuming  the  good  in  question.  If  society  values  the  income  of  all 
its  members  equally,  the  corresponding  area  under  the  demand  curve  for 
an  industry  can  be  used  as  a  measure  of  comnunlty  welfare.  This  analysis 
is  approximately  correct  if  eone  sales  are  made  to  perfectly  competitive 
consumer  good  industries,  rather  than  directly  to  consumers. 

For  the  purposes  of  this  exercise,  assume  that  the  above  assunp- 
tions are  sensible  for  this  industry.  Figure  V.l  then  illustrates  the 
corputation  of  the  welfare  loss  due  to  monopoly.  A  monopolist  will 
charge  a  price  P„  and  sell  a  quantity  Q^.  The  total  area  under  the 
industry  demand  curve  from  Q=0  axis  to  Q  =  Q^  is  the  sum  of  the  areas 
labeled  A,  B,  C,  D,  and  F.  The  summ  of  C+D+F  is  paid  to  the  monopolist, 
while  A+B  is  the  so-called  net  consumer's  surplus.  The  total  cost  of 
producing  Ql,   is  equal  to  P+FC,  ynere  FC  is  the  monopolist's  fixed  costs, 
if  any.  Since  the  cost  of  production  represents  use  of  society's 
resources,  the  net  welfare  associated  with  monopoly  is  slnply 
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Figtire  V.l 


Welfare  Loss  Due  to  Monopoly 
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A  +  B  +  C  +  D-FC. 

Under    ccmpetltion  an  amount  Q^  will  be  produced.  The 
same  analysis  that  we  just  worked  through  indicates  that  the  net 
welfare  associated  with  the  conpetitive  case  is 

A+B+C+D+E-FC 

Subtracting,  the  net  welfare  loss  due  to  monopoly  i  the  area 
labeled  E.  Note  that  this  is  a  net  loss;  we've  considered  the  monopolist 
on  a  par  with  all  other  members  of  society.  The  simplest  way  to 
ccaripute  E  is  to  notice  that  it  is  equal  to  the  area  under  P(Q)  from  Ql. 
to  Ql,   minus  the  additional  cost  incurred  in  order  to  produce  Qp. 

As  an  interested  citizen  (and  for  extra  credit)  you  might 
use  the  technique  just  presented  to  conpute  the  welfare  loss  due  to 
monopoly  in  your  industry  inlhe  short  run  and  in  the  long  run. 

Your  Report 

As  we  mentioned  in  Chapter  III,  a  good  research  report  moves 
from  assumptions  to  method  to  results.  That  outline  should  be  followed 
here. 

You  should  begin  by  presenting  estimated  cost  and  demand  functions 
you  will  work  with.  Substitute  In  the  values  of  the  exogenous  variables 
and  of  N„  in  order  to  obtain -flte  functions  appropriate  for  this  exercise. 
You  should  then  outline  the  methods  used  to  obtain  the  forecasts  of 
short -run  and  long  rain  equilibria  and  present  your  numerical  results. 
The  arithmetic  should  be  confined  to  an  appendix.  Method  is  more  important 
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than  results,  but  incorrect  arithmetic  here  can  cause  you  trouble 
in  the  decision-making  exercise  .  Finally,  you  may  wish  to  answer 
or  attempt  to  answer  either  or  both  of  the  extra  credit  problems. 
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CHAPIER  VI 


Pricing  in  Oligopolistic  Markets 


Introduction 


The  slnplest  definition  of  oligopoly  comes  from  the  Greek 
roots  that  canpose  the  word.  These  translate  simply  as  few  sellers. 
Of  course,  "feiv"  is  one  of  these  relative  words  that  should  never 
appear  in  a  good  definition,  for  the  question  "How  few?"  inmediately 
arises.  The  answer  in  this  case  is  as  follows:  an  oligopoly  is  an 
industry  with  few  sellers,  so  few  that  each  is  aware  that  his  profits 
depend  on  the  decisions  of  each  other  firm  inthe  industry.  In  shorter 
form,  an  oligopoly  is  a  small  group  of  firms,  selling  similar  products, 
lA^iere  each  firm  recognize  the  impact  of  each  other|firTn  on  his  profits. 

The  distinguishing  feature  of  oligopoly  is  that  there  is 
no  neat  relation  between  industry  and  firm  demand  curves.  An  oligopolist 
knows  that  it  is  likely  that  his  rivals  will,  at  least  eventually, 
becone  aware  of  any  price  change  he  institutes.  The  final  change  in 
sales  he  can  expect  to  result  from  a  price  change  depends  on  his 
rivals'  reactions  to  the  change.  Since  these  reactions  cannot  be  known 
in  advance,  each  firm's  decisions  will  be  based  on  tie  response  It 
expects  to  elicit  from  the  other  firms  in. the  industry.  It  is  the  basic 
Importance  of  expectations  that  makes  it  difficult  to  draw  precise 
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conclusions  about  oligopoly  behavior.  This  chapter  vd.ll  outline  in 
general  tenns  seme  of  vfliat  is  knovm  and  thought  about  the  relations 
between  oligopoly  structure  and  behavior.  Our  analysis  is  based  on 
careful  analyses  of  industry  behavior  by  enpirically-oriented  econonists 
as  well  as  on  deductive  theory.  The  references  at  the  end  of  the 
chapter  should  be  consulted  by  the  interested  student. 

The  bulk  of  our  discussion  will  focus  on  price  ccmpetition. 
An  important  feature  of  industries  with  few  sellers  is  often 
the  heavy  use  of  the  tool^  s  of  non-price  ccmpetition,  especially 
advertising.  We  shall  examine  advertising  briefly  in  the  last  section  of  this 
chapter.  6ur  disuussion  there  may  be  anticipated  by  the  general  remark 
that  many  of  the  things  we  shall  say  about  price  conpetition  are  also 
true  of  non-price  corpetition. 

The  next  section        considers  the  oligopoly  problem 
in  the  static  case.  We  assume  that  fiims  set  price  once  and  only 
once .  We  then  tring  in  dynamic  considerations  in^  the  following 
section.  There  we  examine  the  more  realistic  situation  v^ere  each  firm 
may  change  its  price  at  any  time.  These  two  sections  assume  no  entry 
into  the  industry  is  possible;  we  then  relax  this  assuirption.  The 
final  section  summarizes  our  conclusions  and  briefly  considers  non- 
price  competition. 

The  Static  Problem 

The  essence  of  the  problem  facing  oligopolists  is  captured 
by  the  so-called  Prisoner's  Dilemma  game.  The  situation  considered  is 
as  follows.  Two  mean  are  arrested  for  robbery.  Each  is  given  the 
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chance  to  testify  against  the  other.  If  neither  testifies,  both  will 
spend  a  year  In  prison  on  a  minor  charge.  If  both  testify,  both  will 
spend  ten  years  In  prison.  If  one  testifies  and  the  other  doesn't,  the  one 
that  says  nothing  will  be  sentenced  to  twenty  years  and  the  Infonnant 
will  go  free. 

It  Is  clearly  In  the  Interest  of  both  prisoners  that  neither 
testify.  But  r  they  are  not  allowed  to  talk  with  each  other,  it  Is  very 
likely  that  both  will  testify.  By   testifying  each  can  insure 
that  he  will  spend  no  more  than  ten  years  in  prison,  while  if  either 
refuses  to  talk,  he  may  end  up  in  jail  for  twice  as  long. 

A  concentrated  market  situation  bears  a  striking  resemblance 
to  this  simple  game.  If  all  firms  charge  high  prices,  all  wili  generally 
earn  a  high  profit.  If  all  charge  low  prices,  they  will  all  earn 
little  money.  This  fact  alone  would  suggest  that  high  prices  would  always 
prevail.  But  the  situation  is  unstable  in  the  same  wao^  the  prisoner's 
dilemma  is:  if  all  firms  but  one  charge  high  prices,  and  that  one  firm 
undercuts  the  others,  he  will  generally  earn  a  very  large  profit.  Thus 
all  firms  have  a  strong  Incentive  to  persuade  their  rivals  to  charge 
high  prices;  the  incentive  to  follow  them  Is  weaker. 

We  thus  identify  two  basic  tendencies  in  oligopolies. 
The  first  is  the  tendency  for  all  firms  to  try  to  band  together  to 
raise  prices  and  to  keep  them  high,  to  collude  explicitly  or  Implicitly 
and  form  a  cartel.  If  such  a  policy  is  successful,  total  profits  for  the 
group  of  firms  can  be  maximized.  The  second  tendency  results  frcm  the 
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fact  that  any  firm  can  maximze  Its  individual  profits  by  cheating 
on  an  agreement  to  charge  high  prices,  so  that  any  such  agreement  may 
very  well  be  unstable.  The  basic  concern  of  this  chapter  is  to 
identify  and  disouss  factors  affecting  cartel  formation  and  stability. 

A  simple  example  will  illustrate  the  dilemma  faced  by  firms 
in  concentrated  markets.  Suppose  there  are  two  firms ,  selling  amounts 
Q-,  and  Q„  of  identical  products. 

The  industry  price,  P,  is  determined  by 

(6.1)  P  =  A  -  B(Q^  +  Q^) 

For  simplicity,  we  assume  that  marginal  cost  is  zero.  If  we  let  total 
industry  output  be  Q,  it  is  clear  that  revenue  is  given  by 

(6.2)  R  =  AQ  -  BQ^. 

Revenue,  and  henctfprofits,  will  be  maximized  if  Q  =  A/2B.  Thus  for 
maximum  industry  profits,  the  firms  should  agree  to  set  Q,  =  Qp  =  A/4B. 
Each  firm  will  then  earn  a  profit  of  A  /8B.  Suppose  that  firm  one 
adheres  faithfull  to  an  agreement  to  sell  A/4B  units.  If  firm  2  knows 
that  firm  one  will  do  this,  its  revenue  is  giVen  by 


(6.3)  R2  =  AQ2  -  B(AAB  +  Q2)Q2- 


The  revenue  of  firm  2  can  easily  be  seen  to  be  maximized  by  Q„  =  3A/8B. 

2 
This  will  yield  a  market  price  of  3A/8.  Firm  two's  revenue  will  be  9A  /6Hb, 

2 
and  firm  one  will  earn  3A  /32B,  two- thirds  of  firm  two's  earnings.  Total 
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Industry  profits  vd.ll  be  less  than  they  would  have  been  under  a 
cartel,  but  finn  two  will  be  better  off.  (Total  profits  may  decline 
further,  and  firm  two's  profits  may  fill  below  the  cartel  level,  if 
frnn  one  retaliates.  We  shall  return  to  this  point  below.) 

Ignoring  the  possibility  of  price  change  and  of  outsiders 
entering  the  industry,  let  us  consider  seme  general  factors  affecting 
the  formation  and  stability  of  cartels.   (A  situation  where  these 
assumptions  are  not  unreasonably  restrictive  might  be  a  group  of  firais 
submittting  sealed  bid  s  on  a  large  government  project.)  The  first  consider- 
ation is  the  legal  structure  the  industry  is  operating  under.  If  an  agreanent 
to  charge  high  prices  can  be  written  up  as  an  enforceable  contract,  it 
will  be  more  stable  than  if  this  is  not  possible.  This  guarantee  of 
stability,  in  turn,  gives  individual  finns  a  greater  incentive  to 
enter  the  agreanent,  since  the  likelihood  that  they  will  be  cheated  on 
is  reduced.  Another  consideration  is  i^ether  profit-sharing 
schemes  can  be  drawn  up  and  enforced.  If  this  possibility  exists,  for 
example,  firms  can  decide  which  one  of  them  will  be  the  low  bidder 
on  a  project  and  then  agree  to  share  the  profits  earned  by  this  canpany. 
Under  the  English  common  law,  agreement'  •  to  fix  prices  or  to  share 
profits  (or  markets)  are  not  illegal,  but  they  cannot  be  enforced  in 
court.  The  likelihood  of  a  successful  cartel  is  reduced  when 
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judicial  procedures  cannot  be  used  to  punish  cheaters. 

Under  the  Shennan  Antitrust  Act,  any  overt  agreanent 
among  finns  v\dilch  either  directly  or  Indirectly  acts  to  create 
a  cartel  is  Illegal.  The  firms  can  only  attempt  to  tacitly  collude 
on  price  policies,  and  no  legal  sanctions  can  be  brought  to  bear  on 
cheaters.  Th'sa  the  American  legal  structure  works  against  the  formation 
or  stable  cartels  both  by  limiting  the  power  of  a  qgrtel  to  maintain 
discipline  and  by  restricting  ccmmuni  cat  ions  among  cartel  members.  Under 
the  Gcrnnon  law,  firms  could  meet  to  discuss  and  agree  on  prices; 
this  is  quite  illegal  under  the  Shennan  Act.  As  a  general  rule,  anything 
which  amkes  conmunication  among  actual  or  potential  cartel  members  more 
difficult  works  against  a  stable  cartel  agreement.  The  greater  the 
number  of  firms  in  an  Industry,  for  instance,  the  more  difficult  it  will 
be  to  organize  a  cartel  agreonent. 

Another  influence  is  the  similarity  of  the  firms.  If  all 
firms  are  identical,  and  all  have  the  same  expectations  about  the 
future,  it  will  be  easy  to  agree  on  the  strategy  which  will  provide  each 
firm  with  identical  profits.  If  firms'  cost  structures  differ,  however, 
the  strategy  that  maximizes  total  industry  profits  may  leave  some 
firms  badly  off.  (For  instance,  it  may  be  optimal  for  all 
production  to  be  done  by  the  most  efficient  ccrapany).  In  this  case,  it  will 
be  necessary  for  the  firms  that  stand  to  gain  the  most  to  conpensate  those  that 
would  be  harmed  by  the  agreement  before  the  latter  can  be  induced  to 
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enter  It.  Even  If  direct  cash  transfers,  or  side  payments  as  they  are 
often  called,  are  permitted  by  law  (the  legal  structure  enters  again), 
it  may  be  difficult  to  agree  on  the  amoujits  to  be  paid.  If  side  payments 
are  illegal,  it  beccraes  even  more  diffiault  to  obtain  and  sustain 
agreement  among  fimis  mth  different  costs  structures. 

Another  aspect  of  similarity  among  firms  is  how  they  view 
the  industry's  environment.  I  fall  firms  have  the  same  ideas  about  the 
Industry's  denand  curve  and  the  supply  curves  of  the  factors  of  production 
it  uses,  they  will  find  It  easy  to  agree  on  the  strategy  that  maximizes  their 
total  profits.  If  their  views  of  the  world  differ  drastically,  however, 
it  may  be  impossible  to  form  a  cartel,  sirrply  because  the  potential  members 
cannot  agree  on  its  optimal  policy. 

Finally,  we  must  consider  the  incentive  for  cheating,  on  an  explicit 
and  implicit  cartel  agreanent.  Both  cost  and  danand  conditions  enter 
here.  The  more  responsive  demand  is  to  price  differences  within  the 
industry,  the  greater  will  be  the  incentive  to  cheat  on  any  price- fixing 
agreement.  Generally,  if  the  products  of  a  group  of  sellers  are  viewed 
as  nearly  identical  by  buyers,  each  firm  will  find  that  the  demand  for 
its  output  is  very  responsive  to  the  price  it  cahrges.  Under  such 
conditions,  the  incentive  to  cheat  on  a  cartel  can  be  quite  enormous.  This 
makes  for  instability  of  any  agreenent,  but  it  may  cause  an  agreement  to 
be  formed  in  the  first  place.  If  the  firms  each  stand  to  lose  a  great 
deal  if  they  are  undercut,  they  may  repeatedly  try  to  set  up  mechanisms 
that  will  make  underuutting  less  likely.  This  is  especially  true  if 
industry  demand  is  inelastic,  so  that  the  difference  between  cartel  and 
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competitive  profits  is  large.  On  the  other  hand,  to  the  extent  that 
products  are  differentiated  in  the  minds  of  buyers,  the  vulnerability 
of  a  cartel  to  cheating  is  reduced,  but  the  incentive  to  form  an  explicit 
cartel  in  the  first  place  may  be  also  lessened.  The  usual  expectation 
is  that,  since  the  incentive  to  cheat  is  less  when  products  are 
differentiated,  an  industry  is  more  likely  to  have  a  stable  cartel  in 
this  case.  The  cartel  will  very  likely  be  inplicit. 

The  impact  of  product  differentiation  on  the  Incentive  to 
cheat  can  be  illustrated  algebraically.  Consider  a  market  with 
two  sellers.  The  firms'  products  are  not  viewed  as  identical  by 
consumers.  They  set  prices  P-,  and  P„,  and  sales  are  determined  by  the 
demand  relations 


(6.4) 


Q^  =  a  +  kP^  -  (b+k)P^,  and 


Q^  =  a  +  kP2  -  ( t3-k)P2 


Industry  demand  when  both  firms  charge  a  price  P  is  given  by 

(6.5)  (Q^  +  Q2)=  2a  -  2bP 

The  larger  is  k,  the  more  sensitive  the  industry's  customers  are 
to  price  differences  within  the  industry.  When  k  issyery  large,  the 
two  firms  are  producing  products  which  the  industry's  customers 
consider  essentially  identical.  If  k=0,  both  firms  are  pure  monopolies. 
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Assume,  for  sinpHcltyi  that  both  firms  have  zero  marginal 
costs.  Then  total  profits  will  be  maximized  when  P-,  =  Pp  =  a/2b.  If 
both  firms  change  this  price,  both  will  earn  a  profit  of  a  /4b. 

Suppose  firm  one  charges  a  price  of  a/2b,  and  firm  two 
feels  that  his  cornpetitor  will  maintain  that  price  no  matter  what. 
Then  firm  two's  profit  can  be  written  as 


(6.6)       R  =  (a  +  al^2b)  P^  -   (b+k)  i?^)^. 


This  quantity  Is  maximized  by  ?^   =  (a/2b)[(2b+k)/(2b+21<3.  Notice 
that  for  k=0,  there  is  no  incentive  to  cheat.  The  larger  is  k,  the 
lower  is  the  optimal  cheating  price.  Substitution  of  the  expresssion  for 
Pp  into  (6.6),   we  find  that  the  cheater's  profit  is  equal  to 

,.  ^s       r  a  .2       (2b+k)^ 


Expression  (6.7)  rises  when  k  is  increased.  Thus  the  less 
differentiated  the  products,  the  greater  the  incentive  to  cheat. 

Cost  conditions  also  affect  the  incentives  to  cheat  on 
an  implicit  or  explicit  cartel  agreement.  The  more  rapidly  marginal 
cost  rises,  the  less  the  incentive  to  lower  price  to  acquire 
additional  sales,  similarly,  the  more  short-run  excess  capacity  a  firm 
has,  the  greater  ±s  incentive  to  cheat. 
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In  this  static  analysis,  we  have  Identified  a  number  of 
forces  that  affect  cartel  stability.  The  main  ones  were  the  legal 
structure  in  the  economy,  the  number  of  firms  in  the  industry,  factors 
affecting  conmunications  among  the  firms,  similarity  of  firms,  and  the 
Incentives  to  cheat  on  a  cartel  agreement  as  determined  by  demand 
and  cost  conditions.  We  shall  next  relax  the  assunption  that  films' 
prices  (and  conditions  in  the  industry  in  general)  do  not  change. 
Additional  forces  affecting  cartel  stability  will  be  suggested,  and 
additional  effects  of  the  elements  discussed  above  will  be  examined. 

The  Dynamic  Problem 

We  still  retain  the  assunption  that  no  outside  firm  can 
enter  the  industry.  Further,  to  have  a  situation  worth  discussion, 
we  shall  assume  that  the  firms  are  not  parties  to  an  enforeable  cartel 
agreement.  The  new  elenent  in  our  analysis  is  the  fact  that  danand 
conditions  and  prices  may  change  ovaftime,  and  firms'  strategies  must 
take  this  into  account. 

The  problem  of  finding  an  optimal  cartel  strategy  is  now 
replaced  by  the  problem  of  first  finding  such  a  strategy  and  then 
modifying  it  as  circumstances  change.  Thus  anything  that  makes  it 
difficult  to  decide  on  an  optimal  strategy  will  make  it  even  more 
difficult  for  the  cartel  to  respond  to  changes  in  its  environment, 
since  effecting  such  responses  amounts  to  renegotiating  the  cartel's 
policy.  Legal  structures  or  number  of  firms  that  make  face-to-face 
negotiation  difficult  will  lessen  the  ability  of  the  cartel  to 
function,  and  a  cartel  that  cannot  react  to  changes  in  its  environment 
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vn.ll  collapse.  Teh,  more  diverse  products  sold  by  the  industry, 
the  more  difficult  it  is  to  reach  and  sustain  a  cartel  agreement,  since 
more  prices  must  be  decided  upon.  The  classic  example  of  this  problon  is  the 
cement  industry,  where  transport  costs  are  so  inportant  that  each  location 
has  associated  with  it  a  different  price.  Here  the  basing-point  syston 
was  eirployed  to  artificially  siirplify  the  price  structure  and  to  make 
the  implicit  cartel  agreement  less  complex. 

It  may  be  easier  to  run  a  cartel  if  the  industry  has  a 
daninant  firm.   Then  the  dominant  fiim  is  the  natural  iader,  and 
it  is  easy  to  reach  agreanent  to  follow  its  lead.  It  may  be  difficult 
to  sustain  stability,  though,  since  it  may  be  hard  for  the  dominant 
firm  to  detect  cheating.  Also  any  effort  on  its  part  to  punish  cheaters 
may  lead  to  the  collapse  of  the  cartel  agreonent. 

The  major  change  in  the  model  when  we  bring  in  dynamic  elements 
is  the  nature  of  cheating  on  an  explicit  or  iplicit  agreement . 
Given  the  ability  of  the  faithful  cartel  maribers  to  alter  their 
prices,  it  becomes  likely  that  a  cheater  will  eventually  face  retaliations. 
Besides  considering  the  short-run  sales  and  profits  gained  by  undercutting 
the  cartel,  a  potential  cheater  must  consider  the  impact  of  the  cartel's 
retaliation.  If  his  action  depresses  everyone's  profits  for  a  long  time  to 
come,  this  may  outweigh  his  short-run  gains.  A  cheater  thus  must  make 
decisions  on  the  basis  of  his  expectations  of  the  form  of  the  cartel's 
response  to  his  action.  Ifphe  cartel  does  nothing,  he  will  continue  to 
earn  veyr  high  profits.  If  the  cartel  merely  matches  his  low  price,  cheating 
will  still  usually  be  profitable.  If  the  cartel  reacts  by  undercutting 
the  cheater,  however,  cheating  can  be  rendered  unprofitable. 


-  92  - 


Almost  as  important  as  the  form  (severity)  of  the  retaliation 
is  the  time  until  it  occurs,  the  cartel's  reactions  lag  .   This  can 
be  divided  into  two  intervals:  the  time  it  takes  to  detect  cheating 
and  the  time  it  takes  to  effect  a  response.  The  linger  the  cheating  can 
go  undetected,  the  more  profit  the  cheater  vdll  make.  Similarly,  the 
longer  it  takes  the  faithful  cartel  members  to  respond  to  his  action 
once  they're  aware  of  it,  the  mor^irofitable  it  is  to  cheat.  We  have 
spoken  of  the  cartel's  decision  process  above.  The  new  elonent  is  the 
problan  of  detection  of  cheating  behavior. 

Before  we  discuss  the  detection  of  cheating,  it  will  be  useful 
to  examine  the  dynamic  problem  facing  a  potential  cheater  algebraically. 
We  suppose  that  r  is  the  rate  of  interest  used  to  discount  future  earnings, 

and  we  further  assume  that  interest  is  corpounded  continuously .  Then  it  is 

rt 
easy  to  show  that  one  dollar  invested  today  will  build  into  e   dolars 

in  t  periods,  where  "e"  is  the  base  of  the  system  of  Naperian  or  natural 

logarithms.  Then  one  dollar  to  be  paid  t  periods  in  the  future  is  worth 

e"""^  dollars  today.  We  shall  write  this  expression  as  exp(i=-rt).  When  either 

r  or  t  is  zero,  this  expression  equals  one,  and  it  declines  to  zero  as 

rt  becomes  large. 

Suppose  that  the  potential  cheater  could  earn  profits  of  R 

per  priod  if  he  remained  loyal  to  the  cartel.  If  he  cheats,  he  expects 

to  earn  profits  of  R  until  his  cheating  is  detected.  He  expects  to  be 

detected  after  "t  periods.  At  this  point  the  cartel  will  retaliate,  and  then 

he  expects  to  earn  R  ("W"  for  warfare)  for  T  periods.  At  the  end  of 
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(T+T)  periods,  the  cartel  is  expected  to  re-establish  the  initial 

L  C 

equilibrium,  and  he  will  earn  R  again.  We  assume  that  R  is  greater 

than  R  ,  which  in  turn  is  greater  than  R  . 

We  first  consider  the  case  where  r  is  zero.  Then  the  total 

profits  from  remaining  loyal  are  just  R  (T+T),  while    a  cheater 

will  earn  R  t  +  R  T.  The  ratio  of  total  profits  fron  cheating 

to  toal  profits  from  remaining  loyal  can  be  written  as 

(6.8)   (T^/T^)  =  (R^/Rh[T/(T+^)]  +  (R^Al^)[T/(T+r)]. 


c    w 

The  incentive  to  cheat  clearly  rises  with  R  and  R  and  falls  with 
R  .  Similarly,  it  is  never  profitable  to  cheat  if  ?*=  0  or  if  T  is 
very  large. 

Now  suppose  that  r  is  non-zero,  that  one  dollar  today  is  indeed 
worth  more  than  a  dollar  tomorrow.  Recall  from  integral  calculus  that 

^   exp(-rt)  dt  =  (Vr)[exp(-rT^)  -  expC-iT^)^- 
T. 


The  present  discouiited  value  of  the  profits  of  a  loyal  cartel  member  is 

given  by 

T  +'^ 
(6.9)  PV^  =    ^  R^  exp(-rt)  dt  =  (RVr)[l  -  exp(-r(T  +  T)]. 
0 

Similarly,  the  present  value  of  a  cheater's  profits  is 
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(6.10)  Vp  =   (R^/r)[l-exp(-rr)]  +  (R^/  r)[exp(-  r  ?3-exp(-r(T+r))] 


Cheating  vd.ll  be  profitable  If  and  only  if  Fv  is  greater  than  Pv  .  The 
ratio  of  these  two  quantities  may  be  written 

(6.11  )  FV^/PV^  =  (R'^/Ef  )F  +  (rV)  (1  -  F),  where 

F  =  [1  -  exp(-rr)]  /  [l-exp(-r(T+ ?-))]. 

Thus  (6.11)  is  a  weighted  average  of  the  dame  sort  as  (6.8). 

The  larger  is  F  in  (6.11),  the  more  likely  it  is  that 
cheating  is  profitable.  When 7-=  0,  when  detectionis  instant, 
F  is  zero,  and  cheating  is  never  profitable.  When   r  is  very 
large,  a  dollar  earned  today  is  worth  much  more  than  a  dollar  lost 
tomorrow,  and  cheating  become  profitable.  When  T  is  zero,  cheating 
is  also  always  profitable.  When  T  is  very  large,  (6.11)  reduces  to 

(6.12)  PV^/FV^  =  (R'^/R^)[l-exp(-rr)]  +  (R^/^h[exp(-r  T-)]. 

For  any  r,  it  will  always  be  possible  to  find  a  t  small  enough  to  make 
cheating  unprofitable. 

Notice  that  all  the  quantities  ±n  (6.8),  (6.11)  and  (6.12)  except 
for  r  and  R  are  values  expected  by  the  potential  cheater.  The  problem  of 
a  cartel  wishing  to  deter  cheating  is  thus  to  influence  the  expectations 
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of  its  manbers  about  the  values  of  the  paremters  that  determine  the 
profitability  of  breaking  the  cartel  agreement.  If  all  firms  feel  that 
cheating  would  not  be  profitable,  none  will  cheat,  even  though  all  may 
be  wrong. 

We  now  consider  the  infonnatlon  availabsl  to  each  firm  that 
can  be  used  to  detect  cheating.  If  each  knows  the  others'  prices, 
detectio  of  cheating  is  easy.  A  trade  association  that  is  legally 
empowered  to  obtiln  and  publish  prices,  for  instance,  makes  for 
cartel  stability.  A  voluntary  association  is,  of  course,  vulnerable 
to  false  price  reports  by  cheating  firms.  If  each  firm  can  detect 
cheating  only  by  analyzing  changes  in  its  own  sales,  the  detection 
problem  is  more  dlffluclt.  The  firm  must  make  a  judgement  about  which 
sales  changes  are  attributable  to  the  myriad  random  elements  determining 
demand  and  vdiich.  ansdue  to  a  rival's  cheating.  If  the  number  of  fiiros 
is  large,  it  will  usually  be  unable  to  do  this  with  any  confidence.  Indeed,  this  the 
usual  rationale  for' .the  model  of  perfect  conpetitlon:  each  firm  is  small 
that  it  is  unable  to  influence  noticeably  any  individual  competitor. 
Similarly,  no  firm  can,  by  itself,  detect  any  alteration  in  the  policies 
of  any  other  single  company.  No  cartel  is  ^able  under  these  conditions, 
as  many  farmers'  organizations  have  found  to  their  sorrow. 

All  other  things  being  equal,  it  is  clear  that  the  more 
predictable  are  individual  firms'  demands,  the  easier  it  is  to  detect 
cheating.  The  more  "noise"  there  is  in  the  market,  the  harder  it  will  be 
to  detect  a  cheater. 
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The  problem  faced  by  a  potential  cheater  is  now  seen  to  be 
quite  caipllcated.  The  cheater  must  estimate  his  short-run  gains, 
as  before.  Cost  and  demand  conditions  still  affect  the  profitability  of 
cheating.  But  a  potential  cheater  must  also  consider  how  long  it 
vail  take  the  other  firms  to  detect  his  action,  and  he  must  take  into 
account  the  form  of  their  reaction  to  his  cheating.  Both  these, 
especially  the  first,  are  inherently  uncertain.  The  cheater's  optimal 
strategy  thus  depends  on  his  estlmtes  of  the  probabilities  involved 
and,  quite  fundamentally,  on  his  attitude  toward  risk.  Even  if  profits 
premise  a  average  to  be  lower  for  a  faithful  cartel  member  than  for  a 
cheater,  a  firm  may  elect  to  remain  faithful  elmply  becai:ise  that  is  the 
less  risky  course. 

Once  cheating  is  detected,  subsequent  behavior  can  be 
quite  interesting.  We  shall  present  1wo  special  caes  which  have  the 
advantage  of  illustrating  the  sort  of  non-collusive  equilibria 
often  encountered  in  theoretical  discussion  of  oligopoly. 

Consider  first  the  duopoly  (oligopoly  with  two  firms)  selling 
Identical  products  v^ose  demand  structure  is  described  by  equation 
(6.1).  Below  that  equation  we  discussed  the  case  where  firm  two  cheated 
on  a  cartel  agreonent,  assuming  that  firm  one  would  not  respond. 
Suppose  now  that  firm  one  does  respond.  It  can  take  a  variety  of  courses: 
a  sensible  move  might  be  to  maximise  its  profits  given  firm  two's  output. 
If  It  does  this,  will  produce  and  sell  5A/16B,  undercutting  firm  two. 
If  firm  two  retaliates  in  the  same  fashion  and  the  process  continues, 
equilibrium  will  be  reached  at  the  point  where  both  firms  are  producing 
A/3B.  This  point  is  called  the  Coumot  equilibrium  point.  It  is  stable 
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In  the  sense  that  neither  firro  has  an  incentive  to  make  a  unilateral 
change  In  output.  But,  of  course,  both  would  be  better  off  If  they 
could  re-establish  Q-,  =  Qp  =  A/^B.  It  should  be  noted  that  the  Coumot 
equilibrium  model  can  be  easily  extended  to  the  case  where  there  are  more 
than  two  firms  In  the  market. 

We  shall  quickly  show  that  the  point  Qj  =  ^2  ~  ^^^    ^^   indeed 
a  ncn-collusive  equilibrium  in  this  model.  Consider  the  problem  of 
maximizing  the  profit  of  firm  one,  subject  to  the  given  output  of  firm 
two.  To  solve  this,  we  must  maximize 


(6.13)  AQ^  -  BCQ^+Q^^^i' 


treating  Qp  as  a  constant.  Differentiating  (6.13)  vd.th  respect  to 
Q-,  and  setting  the  derivative  equal  to  zero,  we  obtain 

(6.14)  A  -  B  Q2  -  2  B  Q^  =  0. 

Equation  (6.1^1)  gives  Q.  as  a  function  of  Q2.  Suppose  that  both  firms 
are  selling  the  the  same  amount  and  that  equation  (6.14)  is  satisfied. 
Then  neltha^firm  has  an  incentive  to  alter  its  production,  and  the  point 
is  an  equilibrium.  Setting  Q-,  =  Q2  =  Q  in  (6.l4)  and  solving,  we  obtain 
Q  =  A/3B. 

Now  consider  duopoly  with  differentiated  products,  as 
described  by  demand  schedules  (6.4).  Total  profits  are 
maximized  when  P.  =  Pp  =  ay2b.  If  fiiro  one  if  faithful  to  an  agreement 
to  charge  this  price,  firm  two  will  maximize  its  profits  by  setting 
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P  =  (a/2b)[(2b+k)/(2b+2k)].  When  it  detects  cheating,  flmi  one 
may  retaliate  by  maximizing  Its  profits  given  the  price  charged  by 
firm  two.  It  will  then  set  a  price  below  firm  two's. If  firm  two  then 
responds  in  the  same  fashion,  the  process  will  continue  until 
prices  have  fallen  to  the  point  where  ^1=^2"  a/(2b+k).  At  this 
point,  neither  firm  has  an  incentive  to  power  price  further.  Again,  we 
would  assume  that  both  would  seek  to  restore  a  price  of  a/2b. 

Notice  that  when  k  is  very  large,  the  price  cutting  does 
not  stop  until  price  is  zero  (or  until  price  is  equal  to  marginal 
cost,  when  marginal  cost  is  posittive).  This  result  of  price-setting 
is  associated  with  the  names  of  Edgeworth  and  Bertrand. 

To  provide  that  P  =  ?„  =  a/(2b+k)  is  really  a  non-collusive 
equilibrium,  we  proceed  as  above.  Consider  the  problem  of  maximizing 
the  profits  of  firm  one,  given  the  price  of  firm  two.  Firm  one  will 
then  be  maximizing 

(6.15)    aP^  +  k  P^P2  -  (b*k)(P-^)^ 

with  respect  to  P-,.  Setting  the  first  derivative  equal  to  zero,  we 
obtain 


(6.16)    a  +  k  P2  -  2(b+k)P^  =  0. 


In  equilibrium,  it  must  be  the  case  that  P,  =  Pp  and  this  equation  Is 
satisfied.  The  neither  firm  has  an  incentive  to  change  its  output.  Making 
this  substitution  and  solving,  we  obtain  the  result  stated  above. 
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In  neither  of  the  duopoly  models  we've  considered  did  we 
allow  for  positive,  non-constant  marginal  cost.  The  reader  might  wish 
to  examine  how  the  arguments  are  modified  in  such  cases.  It  is 
also  possible  to  solve  these  two  models  under  more  general  demand 
function,  stating  results  in  terms  of  elasticites.  Finally,  the 
interested  reader  might  find  it  profitable  to  explore  the  inplications 
of  capacity  constraints  in  these  models. 

In  the  presence  of  inperfect  information  and  risk,  the  siiiple 
cartel  -  cheater  dichotorr^/  may  be  a  bit  unrealistic.  A  f±rm  may  alter 
price  as  a  signal  to  other  firms  about  where  it  thinks  the  cartel  price 
should  be.  The  others  must,  somehow,  distinguish  this  from  cheating. 
As  we  saw  above,  generally  the  incentive  to  cheat  rises  as  profits  rise, 
and  a  cartel  may  find  it  best  not  to  attenpt  to  maximize  total  industry 
profits.  It  may  instead  maintain  price  at  a  level  below  the  total  profit- 
maximizing  level  in  order  to  reduce  the  incentive  to  cheat  and  thus 
to  increase  stability.  The  level  at  which  price  stablizes  will  then 
depend  on  the  mutual  trust  of  the  various  firms,  as  well  as  on 
their  attitutdes  tov;ard  and  estimates  of  risk.  A  cheater  may,  by  his 
action,  lower  the  level  of  trust  to  a  point  where  it  is  inpossible  for  the 
cartel  ever  to  attain  maximum  total  profits. 

The  abo-^ie  analysis  has  considered  oligopoly  behavior  as  a  dynamic 
problem  in  the  face  of  risk.  Attitudes  toward  risk  were  seen  to  affect  firris' 
stategies.  We  saw  that  the  rate  at  which  future  profits  aie  discounted  will 
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also  influence  industry  behavior,  since  a  cheater  must  weight  gains 
today  against  losses  in  the  future.  Other  new  elements  v;ere  the 
information  available  to  firms,  especially  as  regards  their  ability 
to  detect  cheating,  the  ability  of  the  cartel  to  respond  to  cheating 
and  the  form  of  that  response,  and  the  level  of  trust  in  the  industiy. 
So  far,  we  have  taken  the  firms  in  the  industry  as  given.  It  as  now 
necessary  to  relax  this  assumption  also. 
The  Inpact  of  Potential  Entry 

The  assumption  of  the  perfectly  conpetitlve  model  is  that  firms 
can  enter  and  leave  Industries  instantly  and  costlessly.  It  is  further 
assumed  that  firms  will  enter  industries  where  excess  profits  are  being 
earned  and  tave  lines  of  business  where  profits  fail  to  cover  opportunity 
cost.  The  textbook  monopoly  model  bgglns  by  assuming  that  no  firms  can  enter  the 
monopolist's  industry,  no  matter  what  he  does.  As  one  Mght  expect, 
conditions  of  entry  in  the  real  world  are  usually  somewhere  between 
these  extremes.  There  are  barriers  to  entry,  but  these  are  not 
usually  so  great  as  to  conpletely  exclude  new  firms  from  entering  any 
industry . 

The  literature  distinguishes  three  basic  kinds  of  barriers. 
The  first  is  absolute  cost  differences  between  new  and  established  firms. 
The  established  firms  may  have  a  critical  patent  or  important  know-how, 
or  they  may  control  the  most  desirable  raw  material  sources.  It  is  often 
alleged  that  the  capital  market  favors  established  firms,  so  that  new 
entrants  must  pay  a  higher  price  for  funds. 
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The  second  problem  confronting  new  entrants  has  to  do  vd.th 
relative  size.  The  larger  the  mlnirnum  efficient  firm  size  relative  to 
a  particular  market,  the  less  easily  an  entrant  can  sneak  unnoticed  into 
that  market,  the  nore  likely  his  entry  is  to  upset  prevailing  patterns 
of  price  fonnation.  If,  for  instance,  a  firm  need  only  produce  \%   of  the 
current  total  output  of  a  particular  industry  in  order  to  be  efficient, 
he  can  probably  enter  the  industry  safely  assuming  that  he  will  not  be 
noticed.  His  entry  Is  unlikely  to  cause  a  fall  in  price.  On  the  other 
hand,  if  a  firm  would  need  to  produce  50^  of  current  Industiy  sales  in  order 
to  be  efficient,  his  entry  would  add  50^  to  industry  outptt .  Prices  would 
fall,  and  the  final  equilibrium  of  the  industry  would  be  uncertain. 

Finally,  the  literature  often  speaks  of  product  differentiation 
barriers  to  entry.  The  stronger  are  the  preferences  of  buyers  for  the  pro- 
ducts of  existing  firms,  the  more  an  entrant  is  at  a  disadvantage.  If  he 
can  change  these  tastes  with  a  massive  advertising  canpaign,  the  necessity 
of  carrying  out  such  a  campaign  constitutes  an  absolute  cost  barrier  to 
entry. 

The  best  way  to  consider  entry  is  as  a  stochastic  process. 
The  probability  of  entry  in  any  time  period  will  vary  inversely  with 
the  level  of  barriers  to  entry  and  directly  with  the  profits  being  earned  by 
the  established  firms.  It  will  also  depend  heavily  on  how  potential 
entrants  think  the  established  firms  would  react  to  entry;  the  problem  of 
deterring  entry  is  very  much  like  the  problem  of  preventing  cheating.  If 
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potential  entrants  feel  the  existing  firris  -l^foai^  not  change  their 
pi^l.'e  anJ  oucpat  policiaiJ  if  entry  o?oarred,  entr^/  is  more  likel;' 
Cin  the  other  jiand,  if  the  established  firms  can  convince  potential 
entrants  that  their  entry  would  send  prices  tumbling,,  entry  is  less 
likely.  Given  technical  entry  barriers  and  the  expectations  of  potential 
entrants,  there  will  generally  be  some  level  of  excess  profits  greater 
than  zero  that  can  be  earned  by  the  establfehed  films  that  will  make 
the  probability  of  entry  zero. 

How  does  the  possibility  of  entry  affect  oligopoly  behavior? 
It  seems  likely  that  the  inpact  on  cartel  stability  will  generally 
no-l:  be  great.  Conditions  of  entry  must  be  considered  by  the  cartel, 
of  couse,  and  to  the  extent  that  cartel  members  disagree  about  how 
to  do  this,  the  cartel  is  less  stable.  But  it  is  not  likely  that 
the  height  of  entry  barriers  will  affect  the  cartel's  stability. 

The  main  iirpact  of  finite  barriers  to  entry  would  seem  to 
be  on  theoptimal  cartel  strategy.  If  a  cartel  seeks  to  maximize  total 
industry  profits,  it  mjist  consider  the  possibility  that  a  strategy 
that  maximizes  profits  in  the  short  run  will  induce  entry  and  thereby 
result  in  lower  profits  in  the  long  run.  As  before,  short-run  gains 
must  be  weighted  gainst  the  possibility  of  long-run  losses.  In  general^ 
the  lower  are  entry  barriers,  the  lower  will  be  the  cartel's  optimum 
price . 
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Summary  and  Conclusions 

So  far  we  have  explicitly  considered  only  price  conpetition 
It  can  be  shown  that  the  sarre  basic  conceptual  framework  applies  to 
other  forms  of  caipetition  as  well.  Consider,  for  instance,  advertising. 
It  is  generally  the  case  in  established  industries  that  if  all  firms 
can  agree  to  agree  on  he  level  of  advertising,  they  can  choose  this  level  so 
as  to  maximize  industry  profits.  If  they  all  double  advertising,  all  will 
make  less  money.  But  if  all  firms  but  one  are  adhering  to  the  cartel 

advertising  policy,  and  one  firm  is  advertising  more  than  its  quota,  the  cheater  stands 
to  gain.  We  have  the  prisoner's  dilemma  again,  and  the  rest  of  our  discussion  above 
can  be  applied  more  or  less  directly  to  non-price  conpetition. 

The  main  difference  between  price  and  non-price  conpetition  is 
that  agreanents  to  l.'mlt  non-price  conpetition  are  generally  quite 
difficult  to  formulate  and  enforce.  There  are  so  many  forms  of  non-price 
competition  that  if  one,  say  the  number  of  salesmen,  is  controlled, 
firms  will  often  cheat  on  the  spirit  of  the  agreement  by  using  another 
form,  say  advertising  ,  more  intensively.  In  addition,  it  is  more 
difficult  to  detect  cheating  on  the  letter  of  an  agreement  on  non-price 
competition.  The  impact  of  advertising  on  sales  is  not  generally 
easy  to  predict,  and  firr.is  do  not  normally  publish  their  advertising 
budgets.  It  would  thus  be  very  difficult  to  detect  violations  of  an 
agreement  to  limit  advertising  spending.  In  some  cases  these 
problems  can  be  circumvented  by  agreements  directly  assigning  individual 
buyers  to  individual  sellers,  but  this  is  not  usually  possible.   (It  is 
illegal  in  this  country).  As  a  consequence  successful  collusion  to  limit 
non-price  conpeltlon  is  quite  rare. 
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We  can  sunmarlze  the  analysis  of  this  chapter  by  grouping 
the  factors  we  have  considered  under  three  broad  headings.  First  are 
those  that  affect  the  ability  o^  firms  in  an  industry  to  agree  on  the 
policy  that  will  maximize  their  total  profits,  the  optimal  cartel 
strategy.  SEcond,  we  shall  suinmarlze  those  forces  that  affect  the 
ability  of  a  certel  to  obtain  high  profits.  Finally,  we  shall  mention 
those  factors  that  influence  cartel  stability. 

The  greater  the  degree  of  coirmunication  among  the  firms  in 
an  industry,  tlie  greater  the  likelihood  that  they  can  agree  on  a  cartel 
strategy,  eanmunlcation  possibilities  will  be  affected  by,  among  other 
things,  the  legal  structure  and  the  number  of  firms  involved.  The 
more  nearly  identical  firms'  cost  structures  and  views  of  their 
environment,  the  easier  it  will  be  to  arrive  at  an  agreement.  Finally, 
the  simpler  a  good  cartel  agreement  can  be,  the  more  likely  one  is  to 
be  arrived  at.  If  all  firms  sell  one  product  at  one  price,  agreement  will 
be  easier  than  if  each  sells  a  variety  of  products  in  a  variety  of 
locations  at  a  variety  of  prices. 

The  lower  are  entry  barriers  and  the  more  strongly  would-be 
entrants  expect  the  cartel  to  react  to  their  entry,  the  greater  are 
potential  cartel  profits.  The  less  likely  high  profits  are  to  attract 
antitrust  prosectution  ,  the  more  likely  it  is  that  a  cartel  will  be 
able  to  maximize  Industry  profits.  The  more  the  members  of  an  Industry 
trust  each  other,  the  more  likely  it  is  that  they  will  be  willing  to 
charge  the  price  that  maximizes  their  total  profits,  since  this  price 
will  render  cheating  very  profitable.  Two  general  considerations  interact 
with  all  these  elements.  The  more  tolerant  the  members  of  the 
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industry  are  to  risk,  the  more  likely  it  is  that  they  will  seek  the 
highest  possible  profits.  Finally,  the  more  heavily  future  profits  are 
discounted  (that  is,  the  higher  the  relevant  interest  rate),  the  more 
likely  it  is  that  a  cartel  vd.ll  pursue  a  strategy  that  maximizes  current 
profits . 

Cartel  stability  is  affected  by  a  wide  variety  of  forces.  The 
more  sensitive  demand  is  to  price  differentials  within  an  industry, 
the  flatter  are  marginal  cost  curves,  and  the  greater  is  excess  capacity, 
the  greater  will  be  the  immediate  profits  earned  by  a  cheater.  The  more 
effectively  each  firm  expects  the  faithful  cartel  members  to  respond  to 
his  cheating,  and  the  quicker  they  can  do  so,  the  less  the  incentive 
to  cheat.  The  speed  of  cartel  response  will  be  positively  related  to 
the  amount  of  information  availab^i  to  each  firm,  relavant  to  detecting 
cheating.  All  other  things  being  eqal,  it  will  be  easier  to  detect 
cheating  the  fewer  the  firms  in  he  industry  and  the  more  stable  each 
firm's  demand.  Since  cheating  is  usually  risky,  the  less  toleraiit 
finns  are  of  risk,  the  less  likely  they  are  to  cheat.  The  more  heavily 
they  discount  future  profits  as  opposed  to  present  profits,  the  more 
likely  they  are  to  cheat.  Finally,  the  less  toleraiit  the  legal  system 
is  of  formal  cartel  arrangements,  the  more  likely  is  cheating. 

It  should  be  obvious  that  a  large  number  of  forces  influence 
conduct  in  oligopolistic  industries.  The  net  impact  of  any  one  on 
industry  profits  may  be  difficult  to  asceortain.  We  do  have  some  insights 
into  how  concentrated  industries  perform,  although  these  observations 
by  no  means  constitute  a  full-developed  theory. 
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University  Press,  1956).  Especially  chapters  1-5. 

2.  R.L.  Biship, "Duopoly:  Collusion  or  Warfare,"  American  Econanic 
Review,  50  (September,  196O). 

3.  E.H.  Chamber lin.  The  Theory  of  Monopolistic  Competition,  8th 
edition,  (Cambridge:  Harvard  University  Press,  I962). 

Especially  chapters  3-5  • 

4.  W.  Fellner,  Competition  Among  the  Few,  (New  York:  Knopf,  19^9) • 
Especially  chapters  1  and  7- 

5.  R.  B.  Heflebower  and  G.  W.  Stocking,  editors,  for  the 
American  Economic  Association,  Readings  in  Industrial  . 
Organization  and  Public  Policy  (Hcmewood,  Illinois:  R.D.Irwin 
1958).  Especial];/  chapters 4  -  7,  9,  10,  12,  and  17. 

6.  F.  Modigliani,  "  New  Developments  on  the  Oligopoly  Front", 
Journal  of  Poliitical  Economy^  66  (June,  1958). 

7.  D.  Orr  and  P.  W.  MacAvoy,  "Price  Strategies  to  Promote 
Cartel  Stability",  Economica,  32  (May,  1966) . 

8.  G.J.  Stigler  and  K.E.  Bouldlng,  editors,  for  the  American 
Economic  Association,  Readings  in  Price  Theory  (Hcmewood, 
Illinois:  R.D.  Irwin,  1952).  Especially,  chapters  18  and 
20  -  22. 

9.  G.J.  Stigler,  The  Organization  of  Industry,  (Hcmewood, 
Illinois:  R.D.Irwin,  I968) .  Especially  chapters  5,l6  and  I8. 
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CHAPTER  VII 


Declslon-MakloK  Exercise 

This  chapter  outlines  an  exerclese  primarily  designed  to 
illustrate  the  problems  and  results  of  price-making  in  concentrated 
markets.  The  ccrnputer  program  is  by  no  means  limited  to  consideration 
of  such  ceses,  though.  Competition  and  monpoly  can  he   equally  easily 
simulated . 

You  will  be  divided  into  teams  which  function  as  firms. 
Each  firm  begins  in  a  particular  industry  conposed  of  a  number  of 
iden:  leal  competitors.  The  sales  and  profits  of  each  firm  are 
affected  by  the  prices  charged  by  each  one  of  its  conpetitors . 
(In  the  event  that  more  than  one  Industry  is  simulated,  prices  in  any 
one   industry  have  no  effect  on  the  other  industries.)  The  objective 
during  the  "play  of  the  game"  is  to  maximize  profits;  after  the 
last  computer  run  you  will  be  asked  to  report  on  the  results  of  the 
exercise.   The  next  section  outlines  the  structure  of  the  simulated 
markets.  We  then  discuss  the  play  of  the  game,  and  we  conclude  Mth  a 
few  remarks  about  your  report  on  the  exercise. 

Market  Structure 

Every  firm  has  control  over  one  plant  of  the  type  whose 
cost  function  you  have  already  estimated.  The  values  of  the  exogenous 
variables  are  the  same  here  as  in  Chapter  V,  so  the  cost  curve  C(q)  used  for 
the  forecasting  exercise  is  the  same  one  that  describes  each  firm  here. 
Remember  that  there  is  an  upper  limit  of  100,000  units  on  output  per 
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period. 


Since  the  values  of  all  exogenous  variables  are  the  same 


as  in  the  forecasting  exercise,  the  plant  demand  curve  q  (P)  you  obtained 

there  carries  over  also.  This  will  generally  be  the  dsnand  curve  facing  each 

firm  in  this  exercise  if  all  finns  charge  the  same  price,   (The  instructor 

may  raise  or  lower  this  curve  by  multiplying  quantity  demanded  by  a  constant; 

you  will  be  told  if  this  has  been  done.)  What  happens  when  firms  charge  different 

prices?  Industry  demand  will  generally  depend  on  the  unweighted  average 

of  the  prices  of  the  firms  present,  while  firms'  demands  will  depend  on 

the  differences  between  their  price  and  th^industry  average.  The  estijnation 

exercise  provides  no  information  on  the  sensitivity  of  firm  demand  to  price 

differences  within  industries;  you  will  have  to  learn  about  this  as  the 

exercise  progresses.  This  sensitivity  may  vary  from  industry  to  industry.     -- 

You  may  well  want  to  use  the  observations  on  cost  and  demand 
that  are  generated  during  the  game  to  sharpen  yourestimates  of  the 
cost  function  and  of  the  industry  demand  function.  Both  cost  and  demand 
functions  still  contain  error  teiros. 

Finns  are  assinged  four-digit  numbers  for  idebtlflcation  purposes. 
The  first  two  digits  of  this  number  refer  to  the  industry  in  which  the 
firm  originated.  For  instance,  flnn  three  in  industry  four  would  be 
assigned  the  number  0403,  while  fiiro  four  in  the  same  industry  would 
be  clesignated  04o4. 

We  shall  first  describe  the  mechanism  by  vfnlch   individual  firms' 
decisions  are  translated  into  the  sales,  costs,  and  profits  of  all 
firms  in  an  industry.  We  then  discuss  four  factors  that  vary  from  industry 
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to  Industry:  entry  conditions,  legality  of  side  payments,  legality  of 
collusion,  and  infonnatlon  availability. 

The  danand  Ibr  the  output  of  each  firm  depends  on  all  prices 
posted  in  the  market  in  which  the  firm  operates.  If  any  firm's  price  is 
too  high,  it  will  receive  a  zero  demand,  and  it  will  sell  nothing. 

Firms  for  which  demand  is  greater  than  100,000  units  sell  100,000 
units  and  have  unfilled  orders  equal  to  the  difference  between  their  demand 
and  100,000.  These  firms  are  then  put  to  the  side  and  the  simulation 
program  divides  their  unfilled  orders  among  those  firms  with  excess  capacity 
and  positive  danand.  To  do  this,  it  first  calculates  the  total  demand 
in  the  industry.  It  then  computes  the  share  each  of  the  firms  with  positive 
sales  and  excess  capacity  received  of  this  total  darand.  Each  then 
receives  a  fraction  of  total  unfilled  orders  equal  to  its  share  of  total 
industry  demand.  Thus  if  any  firm's  demand  is  zero,  it  will  receive 
no  unfilled  orders.  If  the  firms  with  excess  capacity  accounted  for  only 
half  of  industry  demand,  they  will  receive  only  half  of  the  unfilled  orders 
generated  by  the  other  firms.  If  this  allocation  raises  some  demands 
above  100,000  units,  the  unfilled  orders  so  produced  are  allocated  in  this 
same  fashion. 

The  basic  idea  underlying  this  simplemodel  is  that  a  dissatisfied 
retailer  does  not  immediately  withdraw  his  orders.  He  places  some  additional 
orders  with  companies  having  excess  capacity  (and  charging  higher  prices),  but 
his  demand  is  reduced.  The  process  continues  until  all  orders  are  met  or 
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until  all  firms  have  unfilled  orders.  If  there  are  no  unfilled  orders 
generated,  total  industry  sales  will  obviously  equal  total  Industry 
demand.  If  any  firms  have  unfilled  orders,  though,  total  industry 
sales  will  be  less  than  total  industry  demand. 

A  numerical  example  of  this  allocation  mechanism  is  shown  as  Table  VII.  1 
Notice  that  total  industry  demand  was  330,000  units.  Because  most  of 
it  was  concentrated  in  the  hands  of  firm  4,  vjhich  was  unable  to 
satisfy  it,  though,  total  industry  sales  came  to  only  266,100  units. 
Total  sales  plus  unfilled  orders  equal  370,400  -  a  figure  with  almost 
no  meaning. 

The  relation  of  sales  to  demand  thus  depend  on  what  happens 
to  unfilled  orders.  When  there  are  no  unfilled  orders  in  the  industry, 
sales  equal  demands.  When  unfilled  orders  are  present,  it  is  often 
possible  to  compute  what  demands  must  have  been  to  give  rise  to  the  observed 
distribution  of  sales  and  unfilled  orders. 

At  the  discretion  of  the  instructor,  it  may  be  possible  for  outside 
firms  to  enter  seme  industries.  The  antrant  gives  up  his  old  plant  and  begins 
operating  a  plant  Identical  to  those  in  the  Industry  he  enters.  He  is,  of 
course,  subject  to  the  danand  relations  that  characterize  his  new  industry. 
A  lump-sum  payment  is  assessed  each  time  a  firm  switches  industries;  the 
amount  depends  on  the  industry  entered  and  is  fixed  by  the  instructor. 
Any  attempt  to  enter  an  industry  into  which  entry  is  not  allowed 
will  result  in  the  firm  being  restored  to  the  industry  in  which  It  last 
operated.  Any  attenpt  to  enter  an  industry  with  ten  firms  already 
present  will  be  similarly  frustrated,  as  the  computer  program  is  unable 
to  handle  industries  with  more  than  ten  firms. 
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Industry  demand  does  not  depend  on  the  number  of  firms 
present,  but  firm  demand  does.  If  all  firms  in  the  industry  charge  the 
same  price  before  and  after  entry  or  exit,  total  donand  will  be 
unchanged  on  average. (Ranember  the  error  terms.)  The  effect  of  entry 
is  to  divide  the  market  among  all  firms  present;  if  there  is  net 
exit  the  "leavings"  are  divided  among  all  firms  remaining  behind.  The 
standard  deviation  of  the  random  (error)  term  of  firm  demand  functions 
rises  and  falls  inversely  with  the  number  of  firms  present;  a  smaller 
piece  of  the  action  means  less  absolute  variation. 

Suppose,  for  instance,  that  in  period  one  an  industry  had  four 
firms  each  charging  $2  and  that  in  period  two  another' f inn  entered  at  the 
same  price.  Industry  sales  would  (on  average)  be  the  same  in  tie  two 
periods,  but  each  firm  in  the  second  period  would  sell  (on  average) 
only  V5  as  much  as  it  did  in  the  first  period. 

Firms  operatirgin  some  industries  may  be  permitted  to  make 
■and  receive  lump-sum  cash  transfers  (side  payments).  Payments  made  to 
a  firm  inelegible  to  receive  them  or  to  a  non-existent  firm  will  be 
debited  to  the  payer  but  not  credited  to  the  payee.  Payments  made  by 
a  firm  inelegible  to  make  them  will  also  be  debited.  Negative  side 
payments  will  be  treated  as  positive. 

The  enforceability  of  contracts  calling  for  side  payments  will 
depend  on  the  legal  structure .  Contracts  that  call  only  for  cash  payments 
will,  in  general,  be  enforeceable.  But  contracts  that  specify  a  cash 
payment  in  exchange  for  seme  service  that  can  be  held  in  restraint  of 
trade  -  such  as  not  entering  a  particular  industry  or  chargirga 
particular  price  -  will  be  enforecable  only  when  any  contracts  are 
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enforceable.  All  enforeements  will  be  handled  by  the  Instructor;  he 
will  specify  the  mechanics  involved. 

There  is  a  dummy  firm  present  whose  number  is  9999.  This  • 
firm  acts  as  the  instructor's  fiscal  agent.  It  receives  all  entiy 
cost  payments,  and  it  can  make  side  payments  and  levy  fines.  In 
addition,  it  can  receive  payments  from  any  firm. 

The  extent  to  viiich  collusion  is  allowable  in  price  deteiminatinn 
must  be  specified,  and  it  may  vary  from  industry  to  industry.  Fiiros 
will  be  subject  to  one  of  three  legal  structures: 

1.  The  Sherman  Act:  All  contracts  and  conspiracies 
in  restraint  of  trade  are  illegal  (You  cannot  get 
together  to  fix  price,  regulate  entry,  etc.) 

2.  The  English  Common  Law:  Finns  may  collude  on 
price  and/or  agree  to  make  side  payments,  but 
such  agreements  are  not  enforceable.  (The 
instructor  will  not  fine  cheaters  for  you). 

3.  The  (representative)  German  Kartell  Law:  Finns 
may  collude  on  price  and/or  agree  to  make  side 
payments,  and  any  such  agreements  are  enforceable. 

Again,  unless  it  is  stated  otherwise,  the  instructor  will  perform  any 
and  all  judicial  functions  that  may  be  required  during  this  exercise, 
including  interpreting  the  Sherman  Act. 

The  amount  of  infonnation  given  firms  operating  in  each  industry 
about  conditions  in  other  industries  and  about  the  actions  of  competitors 
may  vary  from  industry  to  industry  at  the  discretion  of  the  instructor. 
At  a  minimum,  all  firms  are  shown  their  own  price,  sales,  profit  and  unfilled 
orders.  There  are  sixteen  different  possible  configurations  relating  to 
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the  Industry  the  firm  is  currently  operating  in.  The  following 
information  on  Industries  is  available:  the  number  of  firms  present 
the  unweighted  industry  average  price,  and  total  sales  and  profits. 
There  are  forty  different  configurations  of  information  on 
the  firm's  conpetitors.  The  following  Information  is  available: 
the  identities  of  the  firms  present,  and  their  prices,  sales, 
unfilled  orders,  and  profits.  Firms  will  appear  in  random  order 
on  output  lists;  identity  cannot  be  Inferred  from  firm  number  and  position 
on  output  lists.  INformation  not  available  to  a  particular  firm  will 
generally  show  as  a  blank  on  its  output  sheet  in  each  period. 

Play  of  the  Game 

Mechanically,  this  exercise  is  quite  simple.  Each  firm  must 
submit  a  firm  card,  punched  exactly  as  shown  in  Table  711.2,  which  will 
remain  in  force  until  a  new  card  is  submitted.  Be  very  careful  to 
punch  data  in  the  correct  columns.  A  mis-punched  card  will  stop  the 
computer  program  and  greatly  annoy  the  instructor.  The  procedure  for 
submission  of  firm  cards  will  be  announced  in  class. 

At  the  end  of  each  run,  each  firm  will  receive  interim 
output  giving  the  results  of  that  period's  operations.  You  may 
then  elect  either  to  change  your  firm  card  to  to  leave  it  in  force. 
The  time  schedule  for  runs  will  be  announced  at  the  start  of  the  exercise. 

Conceptually,  the  problem  of  making  good  decisions  is  not  at 
all  simple.  You  would  like  all  firms  in  your  industry  to  charge  the 
short-run  monopoly  price,  which  is  the  same  here  as  it  was  in  the  forecasting 
problem,  unless  the  instructor  has  multiplied  firm  demands  by  a  constant 
which  he  has  given  you.  In  this  latter  case,  the  new  monopoly  price 
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is  not  hard  to  conpute. 

Persuading  other  fiims  to  charge  and  stick  to  the  monopoly  price 
will  not  be  easy  in  general.  Profits  may  often  be  raised  dramatically 
in  the  short  run  by  undercutting  competitors.  Against  these  gains  a 
potential  cheater  -  which  means  any  firm  -  must  weigh  the  losses 
that  will  be  imposed  by  retaliation.  In  general,  you  should  read 
and  understand  Chapter  VI  before  beginning  to  make  decisions. 

The  first  period  of  play  is  particularly  difficult  in  the  absence 
of  any  explicit  cartel  agreements.  You  will  clearly  want  to  set  a  price 
somewhere  between  the  short-run  competitive  and  monpoly  solutions.  Where 
in  this  range  you  elect  depends,  as  all  your  actions  in  this  game  must, 
on  what  you  expect  your  conpetitors  to  do. 

Your  Report 

At  the  end  of  the  simulation  exercise,  you  will  receive 
a  set  of  summary  output,  giving  information  on  other  finns  and 
industries  not  provided  by  interim  output.  In  your  report  you  should 
analyze  this  data,  and  explain  what  h^pened  in  this  exercise.  You  should 
make  use  of  the  ideas  in  the":kGt  chapter  and  try  to  relate  industries 
performances  to  their  structures.  You  should  be  able  to  formulate  and 
(casually)  test  seme  hypotheses. 

Particular  attention  should  be  paid  to  the  firm  and 
industry  or  industries  in  which  you  were  involved.  But  a  sinple  annual- 
report-style  chronology  of  the  actions  of  a  particular  firm  is  of  little 
or  no  interest  here. 
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Table  VII. 1 


An  Example  of  the  Allocation  of  UnTllled  Orders* 


Firm 


Original  Demand 


1 

10 

2 

90 

3 

40 

4 

190 

Share  of  Original  Dgriand 

.03 
.27 

.12 
.58 


Round  1 


Sales 


Unfilled  Orders 


Round  2 


Sales 


Unfilled  Orders 


10 

90 

40 

100 


0  [10f(.03)(90)=12.7]  12.7 

0  [90+(.27)(90)=ll4.3]  100 

0  [4CH-(.12)(90)=50.8]  50.8 

90  100. 


0 
14.3 

0 
90.0 


Round  3** 


Sales 


Unfilled  Orders 


[12.7+(.03)(14.3)=13.4]     13.4 

100.0 
[50.8+(.12)(ll(.3)=52.7]     52.7 

100.0 


l8. 

0 
90.0 


14.3 
"0  ■ 


*  All  figures  are  in  thousands  of  units. 

**  Round  3  Is  the  final  round,  and  it  is  only  one  that 
shows  on  ccmputer  output. 
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Table  VII. 2 


The  Format  for  Firm  Cards 


Columns  ContBnts 

01-04  •       The  four  digit  (no  decimal  point)  finn 

number — to  be  assigned.  Consists  of  a 
two  digit  original  industry  number  and 
a  two  digit  finn  number. 

05  -  06  The  industry  the  firm  is  to  operate  in 

this  period.  May  be  left  blank  if  no 
change  in  industry  is  desired. 

07  -  12  the  price  to  be  charged  (punch  a  decimal 

point . ) 

13  -  l6  The  four  digit  firm  number  of  the  firm 

to  i^lch  a  side  payment  is  to  be  made, 
may  be  left  blank  if  no  side  payment 
is  to  be  made. 

17  -  26  The  amount  of  the  side  payment  in  dollars 

(punch  a  decimal  point).  This  may  also 
be  left  blank.   (If  this  number  is  negative 
it  will  be  made  positive  by  the  program. ) 


Date  Due 


^?- 


^^^ 


tSkf 


AFB.  2  5  193S 


jfts:  ^'^' 


\m 


Lib-26-67 


<=ncme 

Bookbinding  Co.,  Inc. 

100  Cambridge  St. 

[Char/estown.  MA  OZIM I 


'^U,'7o 


3    TDfiO    003    TOb    EDO 


MIT  LIBRARIES 


lllllll       "^^^'"^ 
3    TOAD    003    fi7S    Sbl 


MIT   LIBRARIES 


3    TOfiO    00 


H(,%-70 


3    flVS    STS 


3    TOfl 


t/^'?-70 


0    003    TO 


MIT   L16«A«IES 


E    555 


\ 


3    TOflO    003    TOb    531 


H70-7D 


MIT   LIBRARIES 


Hyl-  70 


3    TOflO    003    TOb    bl4 


MIT   LIBRARIES 


H72-70 


3    TOflO    003    fi75    EbM 


3   TOfiO   003   575   ^g 


1/7Z-70 


3    TOflO    0 


MR  LIBRARIES 


ljyt.1-  10 


3    TOb    54T 


MIT   LIBRARIES 


3    TOflO    0 


03    675 


475-7'' 


03 


